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WHY GOING NON LINEAR?

Non linear effects are known to be important in particle 
acceleration (strong currents, large anisotropies, fast instabilities) 

Here we discuss instances of non linearities in describing 
transport of CRs around sources and on global scales

1. CR INDUCED INSTABILITIES AROUND GALACTIC SOURCES 

2. NON LINEAR CR TRANSPORT ON GALACTIC SCALES 

3. CR INDUCED GALACTIC WINDS WITH SELF-GENERATED WAVES 

4. CR INDUCED INSTABILITIES AROUND SOURCES OF 
EXTRAGALACTIC CR
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CR-INDUCED INSTABILITIES
INSTABILITIES ARE PRODUCED AS A RESULT OF A CR NET CURRENT THAT THE 
BACKGROUND PLASMA TRIES TO COMPENSATE FOR 

THE INSTABILITY GROWS AT A RATE THAT DEPENDS UPON THE WAVENUMBER K OF 
THE MODES AND THE CONDITIONS IN THE ENVIRONMENT 
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GROWTH OF THE RESONANT MODE
This regime is realised when the CR current is small 

and the growth rate can be rewritten as:  

or, using the transport equation
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GROWTH OF THE NON RESONANT MODE
This regime is realised in the regime of strong CR current: 

For CR streaming at the speed of light this condition coincides 
with UCR>>UB 

IMPORTANT: the instability is non resonant, hence the total CR current counts, not only the 

resonant particles 

The instability grows fast on scales much smaller than the larmor radius of the particles 

dominating the current  

The excited modes are not Alfven waves (quasi-purely growing)
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SATURATION OF STREAMING INSTABILITY

Saturation may occur because the CR CURRENT IS DISRUPTED or 
because WAVES ARE DAMPED 

As a rule of thumb damping dominates the saturation of the 
resonant modes 

Current disruption stops the growth of the non-resonant modes

DAMPING

ION-NEUTRAL WAVE-WAVE 
CASCADING IN K-SPACE
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GROWTH vs SCATTERING

zy

A charged particle moving in a field B0+b, with |b|<<B and b perpendicular to B0 is:
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NON LINEAR COSMIC RAY TRANSPORT:

1) CR INDUCED INSTABILITIES 
AROUND GALACTIC SOURCES AND 

IMPLICATIONS FOR CR GRAMMAGE

D’Angelo, PB & Amato, PRD 2016

9



CR INDUCED INSTABILITIES AROUND 
GALACTIC SOURCES AND CR GRAMMAGE

On a scale of 1-2 coherence scales of the 
field, diffusion is about 1-dimensional

Dense disc

In the standard scenario, the time for escaping the near-source region is too small 
to imply a significant grammage —> Grammage is mainly accumulated through 
propagation in the whole Galaxy (dense disc+empty halo)

X(E) ⇠ 1.4
L2

D(E)
mpngasc ⇡ 0.2 E��

GeV g/cm
2

GALACTIC DISC
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CR INDUCED INSTABILITIES AROUND 
GALACTIC SOURCES AND CR GRAMMAGE

The CR density close to the source and the gradients that develop remain 
large for quite some time, hence the CR current becomes sufficient to excite 
resonant CR streaming instability — CR BECOME DIFFUSIVELY SELF-CONFINED2

propagation on Galactic scales. The density of CRs leav-
ing their parent SNR stays larger than the Galactic mean
density for relatively long times, even in the absence of
non-linear e↵ects. The strong spatial gradient in the CR
density generates hydromagnetic waves (streaming insta-
bility), that in turn slow down the CR propagation in the
near-source region. Within a distance of about 1-2 Lc,
with Lc = 50�150 pc[3], the problem can be well approx-
imated as one dimensional (see also [4, 5, 7]). We show
that for particle energies up to a few TeV, the grammage
accumulated by CRs within such distances, as due to
non-linear di↵usive transport in the dense Galactic disc
(nd ⇠ 1 cm�3), may become comparable with the global
grammage expected in the standard picture of propaga-
tion throughout the whole Galaxy, as deduced from the
measurement of the B/C ratio. The implications of this
finding for our understanding of the origin of CRs will be
discussed.

Calculations – As a benchmark for the Galac-
tic di↵usion coe�cient we adopt the functional form

Dg(E) = 3.6 ⇥ 1028E1/3
GeV cm2/s, as derived in

Ref. [11] from a leaky-box fit to GALPROP [12] (see
http://galprop.stanford.edu) results for a Kolmogorov
turbulence spectrum (here, for simplicity, we restrict our-
selves to the relativistic regime). The scenario we have
in mind is that of a supernova (SN) that explodes in
the Galactic disc, where the magnetic field is assumed
to have a well established direction over the coherence
length Lc ⇠ 50�150 pc. In fact the magnetic field direc-
tion will not experience dramatic changes even on scales
somewhat larger than Lc if the turbulence level is low,
�B/B < 1. Describing the particle transport as di↵usive
on scales . Lc can only be done for particles with a mean
free path 3Dg(p)/c << Lc. This condition is easily seen
to be satisfied up to at least ⇠ 105 � 106 GeV for the
standard Galactic di↵usion coe�cient Dg: we will only
be concerned with particles well below this energy. After

a time ⇠ L2
c/Dg(E) ⇠ 9⇥104E�1/3

GeV years, particles start
di↵using out of the region where the magnetic field can
be assumed to have a given orientation and the problem
should be treated as 3-dimensional di↵usion. In such
a phase, within a distance from the source

p
Dg(E)ts,

the CR density due to the source itself remains larger
than the mean galactic density for a time ts that we
can estimate by equating the individual source contri-
bution, N(E)/(4⇡Dg(E)t)3/2, to the average Galactic
density, N(E)RH/(2⇡R2

dDg(E)), with N(E) the aver-
age spectrum that a source of CRs injects in the Galaxy,
R the SN rate, Rd and H the size of the galactic disc and
halo respectively. For typical values of the parameters,
R = 1/30 yr�1, Rd = 30 kpc (from [11]) and H = 4

kpc, one finds ts ⇠ 2 ⇥ 104E�1/3
GeV yr, which indicates

that the density of locally accelerated CRs quickly drops
to the galactic average as soon as propagation becomes
3-dimensional. Hence we formulate our problem start-
ing from the solution of the one-dimensional transport

equation,
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(1)
in a box of size 2Lc with the boundary condition that
f(p, |z| = Lc, t) = fg(p), with fg the di↵use CR spectrum
in the Galaxy. Eq. 1 is meant to describe a situation
in which di↵usion is due to self-generated waves moving
away from the source at the Alfvén speed vA (second
term on the lhs of the equation).
Injection is assumed to be constant in time from t = 0

to a time TSN , which characterizes the duration of the re-
lease phase of CRs into the ISM. Since we are interested
in CRs with energies below ⇠ 100 TeV or so (for higher
energies the density of particles close to the source is too
small to lead to e↵ective growth of the streaming insta-
bility), the escape of CRs is expected to occur at the time
of shock dissipation. The function q0(p) = A (p/mpc)

�4

mimics injection at a strong SNR shock, with the nor-
malisation constant A = ⇠CRESN/⇡R2

SNTSNI, and I =R1
0

dp4⇡p2 (p/mpc)
�4

✏(p), where ✏(p) is the kinetic en-
ergy of a particle with momentum p. The normalization
is such that a fraction ⇠CR of the kinetic energy ESN

of the SNR shock is converted into CRs. The radius of
the SNR at the time of escape of CRs is chosen to be
RSN ⇡ 20 pc, of order the size of the slowly varying
radius of a SNR during the Sedov phase in the ISM. In-
tegrating Eq. 1 in a neighborhood of z = 0 one finds:
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The di↵usion coe�cient in Eq. 1 is self-generated by

CRs leaving the source:

D(p, z, t) =
1

3
rL(p)v(p)

1

F(k, z, t)

����
k=1/rL(p)

, (3)

where the spectrum of the self-generated waves F(k, z, t)
satisfies the di↵erential equation:

@F
@t

+ vA
@F
@z

= (�CR � �D)F . (4)

In the latter equation,

�CR(k) =
16⇡2

3

vA
FB2

0


p4v(p)

@f

@z

�

p=qB0/kc

(5)

is the growth rate of the resonant streaming instability
associated with CRs moving at superalfvènic speed [13],
while the damping rate �D = �IN + �NL contains both
the e↵ects of ion-neutral damping (IND) at rate �IN [15]
and non-linear wave damping (NLLD) [16]. For the rate
of NLLD we use:

�NL = (2cK)�3/2kvAF1/2 cK ⇡ 3.6 , (6)

ADVECTION WITH SELF-
GENERATED ALFVEN WAVES

DIFFUSION COEFFICIENT 
IN SELF-GENERATED WAVES
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is the growth rate of the resonant streaming instability
associated with CRs moving at superalfvènic speed [13],
while the damping rate �D = �IN + �NL contains both
the e↵ects of ion-neutral damping (IND) at rate �IN [15]
and non-linear wave damping (NLLD) [16]. For the rate
of NLLD we use:
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CR TRANSPORT EQUATION

TRANSPORT EQUATION OF WAVES

This set of coupled non-linear equations can be solved 
numerically for CR distribution function and diffusion coefficient
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ROLE OF ION-NEUTRAL DAMPING

IN THE PRESENCE OF PARTIALLY IONIZED GAS AROUND A SNR, CHARGE EXCHANGE 
BETWEEN IONS AND NEUTRALS DAMPS ALFVEN WAVES AT A RATE:

FOR TYPICAL VALUES OF GAS DENSITY ‘IND’ SEEMS TO BE IMPORTANT

…BUT THERE ARE SOME CAVEATS:

MOST NEUTRAL GAS IN THE WIM IS IN THE FORM OF He — its charge exchange 
cross section is about 3 orders of magnitude smaller than for H

HOW LARGE IS THE FRACTION OF RESIDUAL NEUTRAL H AT 8000K?

⌫ = nHhvrel�cei ⇡ 8.4⇥ 10�9 s�1
⇣ nH

cm�3

⌘

12
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ROLE OF CASCADING (NLLD)

IF THE ISM IS COMPLETELY IONIZED THEN THIS IS THE DOMINANT DAMPING 
PROCESS FOR ALFVEN WAVES

IT CAN BE MODELLED AS DIFFUSION IN K SPACE. FOR KOLMOGOROV CASCADE:

If injection is at a single scale, left to itself, this process leads to formation of a 
Kolmogorov spectrum 

�NL ⇡ Dkk

k2
/ kvAF1/2
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RESULTS
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years. In Case (2), the presence of neutrals decreases
the level of self-generated waves (see dotted line, com-
puted at t = 104 years), which however remains appre-
ciably higher than the Galactic turbulence level F0(k),
also shown in Fig. 3 as a thick dot-dashed curve. Parti-
cles di↵using away from the source keep pumping waves
into the environment for about 105 years. At later times,
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Fig. 4, where we show the density of particles (or more
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ion density ni = 0.45cm�3 with neutral density nn =
0.05cm�3 respectively. In the latter case the e↵ect of IND
is that of limiting wave growth and reducing the time
needed for particle escape from the near-source region.
One can clearly see that on time scales of order 104 years,
comparable with the di↵usion time on a scale Lc = 100
pc with Galactic di↵usion coe�cient Dg, the density of
particles in the near-source region (⇠ 1 � 2 pc) remains
more than one order of magnitude larger than the
Galactic background in the case with no neutrals,
and about one order of magnitude larger in the
case with nn = 0.05cm�3. Even after 106 years
the density of particles in the near-source region
(⇠ 30�50 pc) remains appreciably larger than the
Galactic mean density in the case of no neutrals
(or neutrals consisting of He alone).

Eventually all particles injected by the source escape
the region, the density of CRs drops to the mean Galactic
value (assumed to be the one observed at the Earth) and
the wave power spectrum drops to F0(k) at all values of k.
One should notice that even if the e↵ect of CR streaming
is that of increasing the energy density of waves by orders
of magnitude, typically it remains true that F(k) . 1,
hence the use of quasi-linear theory remains well justified.
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is that of limiting wave growth and reducing the time
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comparable with the di↵usion time on a scale Lc = 100
pc with Galactic di↵usion coe�cient Dg, the density of
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more than one order of magnitude larger than the
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the density of particles in the near-source region
(⇠ 30�50 pc) remains appreciably larger than the
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Eventually all particles injected by the source escape
the region, the density of CRs drops to the mean Galactic
value (assumed to be the one observed at the Earth) and
the wave power spectrum drops to F0(k) at all values of k.
One should notice that even if the e↵ect of CR streaming
is that of increasing the energy density of waves by orders
of magnitude, typically it remains true that F(k) . 1,
hence the use of quasi-linear theory remains well justified.
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PARTICLES ARE SELF-TRAPPED AROUND THE SOURCE TO AN EXTENT 
THAT DEPENDS UPON THE LEVEL OF IONISATION OF THE ISM

[qualitatively similar results obtained by Malkov et al. (2013) with IND and by Ptuskin et 
al. (2007) in case of ionized target. More recently, calculations by Nava et al. (2016).] 
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10 GeV/c as a function of the distance from the escape
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with no neutrals and ion density ni = 0.45cm�3, and
ion density ni = 0.45cm�3 with neutral density nn =
0.05cm�3 respectively. In the latter case the e↵ect of IND
is that of limiting wave growth and reducing the time
needed for particle escape from the near-source region.
One can clearly see that on time scales of order 104 years,
comparable with the di↵usion time on a scale Lc = 100
pc with Galactic di↵usion coe�cient Dg, the density of
particles in the near-source region (⇠ 1 � 2 pc) remains
more than one order of magnitude larger than the
Galactic background in the case with no neutrals,
and about one order of magnitude larger in the
case with nn = 0.05cm�3. Even after 106 years
the density of particles in the near-source region
(⇠ 30�50 pc) remains appreciably larger than the
Galactic mean density in the case of no neutrals
(or neutrals consisting of He alone).

Eventually all particles injected by the source escape
the region, the density of CRs drops to the mean Galactic
value (assumed to be the one observed at the Earth) and
the wave power spectrum drops to F0(k) at all values of k.
One should notice that even if the e↵ect of CR streaming
is that of increasing the energy density of waves by orders
of magnitude, typically it remains true that F(k) . 1,
hence the use of quasi-linear theory remains well justified.
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4

energy (or rigidity) is plotted in Fig. 1, for the case of
a SNR with total kinetic energy ESN = 1051 erg. The
field coherence length is taken to be Lc = 100 pc and
the CR acceleration e�ciency is ⇠CR = 20%. In terms
of properties of the medium around the source, the four
cases mentioned above are considered (see labels on
the curves). The thick dashed line shows the gram-
mage estimated from the measured B/C ratio, assuming
standard CR propagation in the Galaxy with turbulence
described a la Kolmogorov [11]. The thick solid curve
represents the grammage as calculated in the model of
non-linear CR propagation of Ref. [8] (see also [9]), while
the horizontal (thick dotted) line shows an estimate of
the grammage traversed by CRs while still confined in
the downstream of the SNR shock [21]. In all cases we
assumed injection / p�4, but for case (2) above we also
considered the case of steeper injection (thin dotted (red)
line).

In case (1), in the energy region E . few TeV, the
grammage contributed by the near-source region due to
non-linear e↵ects is comparable (within a factor of ⇠
few) with that accumulated throughout the Galaxy if the
standard di↵usion coe�cient is adopted. When neutral
atoms are present, the IND severely limits the waves’
growth: in case (2) the grammage in the energy
range E . few hundred GeV is about ten times
smaller. However, since the importance of IND
decreases with decreasing wavenumber k, parti-
cles at energies above ⇠ 1 TeV are again allowed
to generate their own waves and the grammage in
the near-source region increases, thereby becom-
ing comparable with the one accumulated inside
the source.

As pointed out above, following [19], it seems
plausible that most of the neutral gas in the
warm-hot phase is made of helium, whose charge
exchange cross section with ionized hydrogen is
very small. Ref. [19] suggests an upper bound
to the density of neutral hydrogen of ⇠ 0.03cm�3.
This case is accounted for as Case (3) above.

Case (4) corresponds to a small grammage (due
to the low gas density) but it is important to re-
alize that in fact Cases (1) and (4) correspond to
roughly the same propagation time in the near-
source region. This might have important ob-
servational consequences in the case in which a
dense target for pp collisions, such as a molecu-
lar cloud, is present in a region where the gas
density (outside the cloud) is very low and IND
is absent: the long escape times and the corre-
spondingly enhanced CR density will reflect in
enhanced gamma-ray emission.

The time needed for CR escape from the region of size
Lc = 100 pc around a source is shown in Fig. 2 for the
four cases of interest, compared with the di↵usion time
in the same region estimated by using the Galactic dif-
fusion coe�cient Dg (dotted line). This plot shows once
more that the escape time is weekly dependent upon the
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FIG. 1: Grammage accumulated by CRs in the near-source
region for Lc = 100 pc in the three cases: (1) nn = 0,
ni = 0.45cm�3; (2) ni = 0.45cm�3 and nn = 0.05cm�3;
(3) nn = 0, ni = 0.01cm�3, as labelled. The thin dotted
(red) line corresponds to case (2) but with slope of the injec-
tion spectrum 4.2. The thick dashed line (labelled as XPSS09)
shows the grammage inferred from the measured B/C ratio
[11], while the thick solid line (labelled as XAB13) shows the
results of the non-linear propagation of Ref. [8]. The hori-
zontal (thick dotted) line (labelled as XABS15) is the source
grammage, as estimated in Ref. [21].

density of ions provided there is no appreciable IND. The
small di↵erence between the two cases (dash-dotted and
dashed lines) is to be attributed to the weak advection
with Alfvén waves, since the waves’ velocity is somewhat
di↵erent in the two cases.
In the absence of neutrals, the near-source grammage

increases with increasing Lc and with increasing CR ac-

celeration e�ciency ⇠CR, proportional to ⇠ L
2/3
c and

/ ⇠
2/3
CR respectively. It is interesting to notice that these

trends are the same shown by the self-similar solution
obtained in Ref. [6] for a similar problem, though with
di↵erent boundary conditions and under the assumption
of impulsive CR release by the source. In the cases in
which neutral atoms are absent, for particles with ener-
gies up to ⇠ 1 TeV, the grammage decreases with energy
in roughly the same way as the observed grammage [11],
as a result of the dependence of the NLLD rate on k in
Eq. 6.

The enhanced grammage illustrated in Fig. 1 is the re-
sult of streaming instability excited by CRs leaving the
source. This e↵ect is particularly important for parti-
cles with energy . 10 TeV, because of the large density
of particles at such energies, that reflects into a corre-
spondingly high growth rate of the instability (see Eq. 4).
In Fig. 3 we show the power spectrum F(k) at z = 50
pc for a case with Lc = 100 pc. On the top x-axis we
show the momentum of particles that can resonate with
waves of given wavenumber k (bottom x-axis). The solid
(dashed) line refers to case (1) at time t = 104 (t = 105)

PARTICLES ARE CONFINED IN THE ISM 
AROUND A SNR FOR TIMES THAT LARGELY 
EXCEED THE STANDARD DIFFUSION TIME

THIS RESULT IS WEAKLY DEPENDENT 
UPON THE NEUTRAL DENSITY

THE ACCUMULATED GRAMMAGE IS NON 
NEGLIGIBLE IN THE ABSENCE OF 
NEUTRALS

AT HIGH ENOUGH ENERGY A RESIDUAL 
GRAMMAGE MAY BE PRESENT DUE TO THE 
VANISHING ROLE OF IND

ESCAPE TIMES GRAMMAGE

FOR A DISCUSSION OF THE ROLE OF THIS GRAMMAGE FOR DIFFUSE 
GAMMA RAY EMISSION SEE TALK BY G. Morlino
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NON LINEAR COSMIC RAY TRANSPORT:

2) CR INDUCED INSTABILITIES ON 
GALACTIC SCALES AND IMPLICATIONS 
FOR SPECTRUM AND RADIAL GRADIENT
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CR Gradient
directed towards 

outer halo

a DENOTES	 THE	 TYPE	 OF	 NUCLEUS	 (BOTH	
PRIMARIES	AND	SECONDARIES	ARE	INCLUDED)

THE	EQUATION	FOR	THE	WAVES	IS:

SUM	OVER	ALL	NUCLEI	OF	THE	RIGHT	MOMENTUM	
TO	GENERATE	A	WAVE	WITH	GIVEN	k

Damping	as	diffusion	in	k-space

Power	law	in	p

Galactic disc

Transport eq for all nuclei
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Spectral Breaks:  
self-generation vs previous turbulence

R. Aloisio, P. Blasi and P. D. Serpico : Non-linear cosmic ray Galactic transport in the light of AMS-02 and Voyager data (RN)

injected on a scale lc ∼ 50 − 100 pc, for instance by super-
nova explosions. This means that qW(k) ∝ δ(k − 1/lc). The
level of pre-existing turbulence is normalized to the total power
ηB = δB2/B20 =

∫

dkW(k). Strictly speaking the wave number
that appears in this formalism is the one in the direction parallel
to that of the ordered magnetic field. In a more realistic situation
in which most power is on large spatial scales, the role of the
ordered field is probably played by the local magnetic field on
the largest scale.

The term ΓCRW in Eq. (6) describes the generation of wave
power through CR induced streaming instability, with a growth
rate (Skilling 1975):

Γcr(k) =
16π2

3
vA

kW(k)B20

∑

α

[

p4v(p)
∂ fα
∂z

]

p=ZαeB0/kc
, (7)

where α is the index labeling nuclei of different types. All nu-
clei, including all stable isotopes for a given value of charge,
are included in the calculations. As discussed in much previous
literature, this is very important to compute properly the diffu-
sion coefficient and thus for a meaningful comparison with the
flux spectra and secondary to primary ratios, notably B/C. The
growth rate, written as in Eq. (7), refers to waves with wave num-
ber k along the ordered magnetic field. It is basically impossible
to generalize the growth rate to a more realistic field geometry
by operating in the context of quasi-linear theory, therefore we
will use here this expression but keeping in mind its limitations.

The solution of Eq. (6) can be written in an implicit form

W(k) =
⎡

⎢

⎢

⎢

⎢

⎢

⎣

W1+α2
0

(

k
k0

)1−α1
+

+
1 + α2
CKvA

∫ ∞

k

dk′

k′α2

∫ k′

k0
dk̃ΓCR(k̃)W(k̃)

]

1
1+α2

, (8)

being k0 = 1/lc. In the present paper we assume a Kolmogorov
phenomenology for the cascading turbulence, so that α1 = 7/2
and α2 = 1/2, and an unperturbed magnetic field B0 = 1µG.
The two terms in Eq. (8) refer respectively to the pre-existing
magnetic turbulence and the CR induced turbulence. In the limit
in which there are no CRs (or CRs do not play an appreciable
role) one finds the standard Kolmogorov wave spectrum

W(k) = W0

(

k
k0

)−s

s =
α1 − 1
α2 + 1

=
5
3

(9)

normalized, as discussed above, to the total power W0 = (s −
1)lcηB.

The equations for the waves and for CR transport are solved
together in an iterative way, so as to return the spectra of par-
ticles and the diffusion coefficient for each nuclear species and
the associated grammage. The procedure is started by choosing
guess injection factors for each type of nuclei, and a guess for
the diffusion coefficient, which is assumed to coincide with the
one predicted by quasi-linear theory in the presence of a back-
ground turbulence. The first iteration returns the spectra of each
nuclear specie and a spectrum of waves, that can be used now
to calculate the diffusion coefficient self-consistently. The pro-
cedure is repeated until convergence, which is typically reached
in a few steps, and the resulting fluxes and ratios are compared
with available data. This allows us to renormalize the injection
rates and restart the whole procedure, which is repeated until a
satisfactory fit is achieved. Since the fluxes of individual nuclei
affect the grammage through the rate of excitation of stream-
ing instability and viceversa the grammage affects the fluxes, the
procedure is all but trivial.
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Fig. 1. Spectrum of protons measured by Voyager (blue empty cir-
cles), AMS-02 (black filled circles) (Aguilar et al. 2015), PAMELA
(green empty squares) (Adriani 2011) and CREAM (blue filled squares)
(Yoon et al. 2011), compared with the prediction of our calculations
(lines). The solid line is the flux at the Earth after the correction due to
solar modulation, while the dashed line is the spectrum in the ISM.
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3. Results

The main evidence for a transition from self-generated waves to
pre-existing turbulence can be searched for in the spectra of the
light elements, protons and helium nuclei. A spectral break was
in fact found by the PAMELA experiment (Adriani 2011) in both
spectra and later confirmed by AMS-02, although at the time
of writing this paper only the results of AMS on protons have
been published (Aguilar et al. 2015), while a preliminary version
of the spectrum of helium has been presented (AMS-02 2015).
The spectra of both elements were also measured by the Voyager
(Stone et al. 2013) outside the heliosphere, so as to make this
the first measurement in human history of the CR spectra in the
interstellar medium. This is a very important results in that it
also allows us to refine our understanding of the effects of solar
modulation (Potgieter 2013).

The spectrum of protons and helium nuclei as calculated
in this paper is shown in Figs. 1 and 2, respectively: the solid
lines indicate the spectra at the Earth, namely after solar mod-
ulation modelled using the force-free approximation (Gleeson
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injected on a scale lc ∼ 50 − 100 pc, for instance by super-
nova explosions. This means that qW(k) ∝ δ(k − 1/lc). The
level of pre-existing turbulence is normalized to the total power
ηB = δB2/B20 =

∫

dkW(k). Strictly speaking the wave number
that appears in this formalism is the one in the direction parallel
to that of the ordered magnetic field. In a more realistic situation
in which most power is on large spatial scales, the role of the
ordered field is probably played by the local magnetic field on
the largest scale.

The term ΓCRW in Eq. (6) describes the generation of wave
power through CR induced streaming instability, with a growth
rate (Skilling 1975):
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16π2

3
vA

kW(k)B20

∑

α

[

p4v(p)
∂ fα
∂z

]

p=ZαeB0/kc
, (7)

where α is the index labeling nuclei of different types. All nu-
clei, including all stable isotopes for a given value of charge,
are included in the calculations. As discussed in much previous
literature, this is very important to compute properly the diffu-
sion coefficient and thus for a meaningful comparison with the
flux spectra and secondary to primary ratios, notably B/C. The
growth rate, written as in Eq. (7), refers to waves with wave num-
ber k along the ordered magnetic field. It is basically impossible
to generalize the growth rate to a more realistic field geometry
by operating in the context of quasi-linear theory, therefore we
will use here this expression but keeping in mind its limitations.

The solution of Eq. (6) can be written in an implicit form
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, (8)

being k0 = 1/lc. In the present paper we assume a Kolmogorov
phenomenology for the cascading turbulence, so that α1 = 7/2
and α2 = 1/2, and an unperturbed magnetic field B0 = 1µG.
The two terms in Eq. (8) refer respectively to the pre-existing
magnetic turbulence and the CR induced turbulence. In the limit
in which there are no CRs (or CRs do not play an appreciable
role) one finds the standard Kolmogorov wave spectrum

W(k) = W0

(

k
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)−s

s =
α1 − 1
α2 + 1

=
5
3

(9)

normalized, as discussed above, to the total power W0 = (s −
1)lcηB.

The equations for the waves and for CR transport are solved
together in an iterative way, so as to return the spectra of par-
ticles and the diffusion coefficient for each nuclear species and
the associated grammage. The procedure is started by choosing
guess injection factors for each type of nuclei, and a guess for
the diffusion coefficient, which is assumed to coincide with the
one predicted by quasi-linear theory in the presence of a back-
ground turbulence. The first iteration returns the spectra of each
nuclear specie and a spectrum of waves, that can be used now
to calculate the diffusion coefficient self-consistently. The pro-
cedure is repeated until convergence, which is typically reached
in a few steps, and the resulting fluxes and ratios are compared
with available data. This allows us to renormalize the injection
rates and restart the whole procedure, which is repeated until a
satisfactory fit is achieved. Since the fluxes of individual nuclei
affect the grammage through the rate of excitation of stream-
ing instability and viceversa the grammage affects the fluxes, the
procedure is all but trivial.
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Fig. 1. Spectrum of protons measured by Voyager (blue empty cir-
cles), AMS-02 (black filled circles) (Aguilar et al. 2015), PAMELA
(green empty squares) (Adriani 2011) and CREAM (blue filled squares)
(Yoon et al. 2011), compared with the prediction of our calculations
(lines). The solid line is the flux at the Earth after the correction due to
solar modulation, while the dashed line is the spectrum in the ISM.
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3. Results

The main evidence for a transition from self-generated waves to
pre-existing turbulence can be searched for in the spectra of the
light elements, protons and helium nuclei. A spectral break was
in fact found by the PAMELA experiment (Adriani 2011) in both
spectra and later confirmed by AMS-02, although at the time
of writing this paper only the results of AMS on protons have
been published (Aguilar et al. 2015), while a preliminary version
of the spectrum of helium has been presented (AMS-02 2015).
The spectra of both elements were also measured by the Voyager
(Stone et al. 2013) outside the heliosphere, so as to make this
the first measurement in human history of the CR spectra in the
interstellar medium. This is a very important results in that it
also allows us to refine our understanding of the effects of solar
modulation (Potgieter 2013).

The spectrum of protons and helium nuclei as calculated
in this paper is shown in Figs. 1 and 2, respectively: the solid
lines indicate the spectra at the Earth, namely after solar mod-
ulation modelled using the force-free approximation (Gleeson
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1968), while the dashed lines are the spectra in the ISM. The
data points are the spectra measured by the Voyager (empty cir-
cles) (Stone et al. 2013), AMS-02 (filled circles) (Aguilar et al.
2015), PAMELA (empty squares) (Adriani 2011) and CREAM
(filled squares) (Yoon et al. 2011). Figs. 1 and 2 show several
interesting aspects: 1) both the spectra of protons and helium nu-
clei show a pronounced change of slope at few hundred GeV/n,
where self-generation of waves becomes less important than pre-
existing turbulence (in fact, the change of slope takes place in
rigidity). 2) We confirm that injecting He with a slightly harder
spectrum with respect to protons (p−4.15 versus p−4.2) improves
the fit to the data. 3) The spectra calculated to optimise the fit to
the AMS-02 and PAMELA data is in excellent agreement with
the Voyager data (see dashed lines). This is all but trivial: in our
model, at sufficiently low energies (below ∼ 10 GeV/n), particle
transport is dominated by advection (at the Alfén speed) with
self-generated waves rather than diffusion. This reflects into a
weak energy dependence of the propagated spectra that is ex-
actly what Voyager measured (see also (Potgieter 2013)). 4) At
low energies, the agreement of the predicted spectra with those
measured by Voyager is actually better than the agreement with
the modulated spectra, as observed with AMS–02; this suggests
that probably the prescriptions used to describe solar modula-
tion are somewhat oversimplified, either when applied to data
collected over extended periods of time, when the effective solar
potential may change appreciably, or because of intrinsic limita-
tions of the force-field approximation.

For each heavier nucleus, we assume the same injected spec-
tral shape in rigidity as for helium, keeping as only free param-
eter the normalization, chosen to match the data. In Fig. 3 we il-
lustrate the prediction for Carbon nuclei (which is also a needed
ingredient to compute the B/C ratio), compared with data by
PAMELA and CREAM, as well as preliminary data by AMS-
02. The free normalization is chosen to match more closely the
AMS-02 data. Clearly, the phenomenon of transition from self-
generated to pre-existing waves manifests itself in the transport
of all nuclei, hence we should expect a spectral break at the
same rigidity as for helium and protons. This prediction appears
currently in agreement with Carbon spectrum observations, al-
though it is hard to judge to what extent a break is present in
AMS-02 data alone, giving the growing error bars and the lim-
ited dynamical range at high energy. Note that a break would
appear more prominent if one were to combine PAMELA and
CREAM data, which do seem to differ from AMS-02 data in the
10 to ∼ 200 GeV/n range beyond the reported errors. Definitely,
the forthcoming AMS-02 publication of nuclear fluxes should
help in clarifying the situation.

In Fig. 4 we show the calculated B/C ratio (solid black line)
as compared with data from CREAM (blue squares), PAMELA
(green squares), and the still preliminary ones from AMS-02
(black circles). Even if the injected Carbon flux is normalized
to the preliminary Carbon data reported by AMS-02, the B/C
ratio is still in satisfactory agreement with both PAMELA and
CREAM data, as for our previous result (Aloisio 2013). The
B/C ratio also fits the AMS data up to ∼ 100GeV/n. At higher
energy, the AMS-02 analysis seems to suggest a B/C ratio some-
what higher than our prediction. While its significance is uncer-
tain, given the preliminary nature of AMS data, if this “excess”
is interpreted as physical, it would suggest the presence of an
additional contribution to the grammage traversed by CRs. The
most straightforward possibility to account for such a grammage
is that it may be due to the matter traversed by CRs while es-
caping the source, for instance a SNR. The grammage due to
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Fig. 3. Spectrum of C nuclei as measured by CREAM (blue squares),
PAMELA (green empty squares), and according to preliminary mea-
surements of AMS-02 (black circles), compared with the prediction of
our calculations (lines). The solid line is the flux at the Earth after the
correction due to solar modulation, while the dashed line is the spectrum
in the ISM.
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Fig. 4. B/C ratio as measured by CREAM (blue squares), PAMELA
(green empty squares), and according to preliminary measurements of
AMS-02 (black circles). The black/bottom solid line is the prediction of
our model, while the red/top line has been obtained by adding a source
grammage of 0.15 g cm−2, close to that given by Eq. (10).

confinement inside a SNR can be easily estimated as

XSNR ≈ 1.4rsmpnISMcTSNR ≈ 0.17 g cm−2
nISM
cm−3

TSNR
2 × 104yr

, (10)

where nISM is the density of the interstellar gas upstream of a
SNR shock and rs = 4 is the compression factor at the shock
and TSNR is the duration of the SNR event (or better, the lifetime
“useful” to confine particles up to E ∼TeV/n), assumed here to
be of order twenty thousand years. The factor 1.4 in Eq. (10) has
been introduced to account for the presence of elements heavier
than hydrogen in the target. While Eq. (10) is only a rough es-
timate of the grammage at the source, in that several (in general
energy dependent) factors may affect such an estimate, at least
it provides us with a reasonable benchmark value. The solid red
curve in Fig. 4 shows the result of adding the grammage accu-
mulated by CRs inside the source to the one due to propagation
in the Galaxy. It is clear that by eye it fits better the AMS-02
data at high rigidity, while being also compatible with the older
CREAM data. The forthcoming publication by AMS-02 of the
fluxes of nuclei and secondary to primary ratios should hope-
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1968), while the dashed lines are the spectra in the ISM. The
data points are the spectra measured by the Voyager (empty cir-
cles) (Stone et al. 2013), AMS-02 (filled circles) (Aguilar et al.
2015), PAMELA (empty squares) (Adriani 2011) and CREAM
(filled squares) (Yoon et al. 2011). Figs. 1 and 2 show several
interesting aspects: 1) both the spectra of protons and helium nu-
clei show a pronounced change of slope at few hundred GeV/n,
where self-generation of waves becomes less important than pre-
existing turbulence (in fact, the change of slope takes place in
rigidity). 2) We confirm that injecting He with a slightly harder
spectrum with respect to protons (p−4.15 versus p−4.2) improves
the fit to the data. 3) The spectra calculated to optimise the fit to
the AMS-02 and PAMELA data is in excellent agreement with
the Voyager data (see dashed lines). This is all but trivial: in our
model, at sufficiently low energies (below ∼ 10 GeV/n), particle
transport is dominated by advection (at the Alfén speed) with
self-generated waves rather than diffusion. This reflects into a
weak energy dependence of the propagated spectra that is ex-
actly what Voyager measured (see also (Potgieter 2013)). 4) At
low energies, the agreement of the predicted spectra with those
measured by Voyager is actually better than the agreement with
the modulated spectra, as observed with AMS–02; this suggests
that probably the prescriptions used to describe solar modula-
tion are somewhat oversimplified, either when applied to data
collected over extended periods of time, when the effective solar
potential may change appreciably, or because of intrinsic limita-
tions of the force-field approximation.

For each heavier nucleus, we assume the same injected spec-
tral shape in rigidity as for helium, keeping as only free param-
eter the normalization, chosen to match the data. In Fig. 3 we il-
lustrate the prediction for Carbon nuclei (which is also a needed
ingredient to compute the B/C ratio), compared with data by
PAMELA and CREAM, as well as preliminary data by AMS-
02. The free normalization is chosen to match more closely the
AMS-02 data. Clearly, the phenomenon of transition from self-
generated to pre-existing waves manifests itself in the transport
of all nuclei, hence we should expect a spectral break at the
same rigidity as for helium and protons. This prediction appears
currently in agreement with Carbon spectrum observations, al-
though it is hard to judge to what extent a break is present in
AMS-02 data alone, giving the growing error bars and the lim-
ited dynamical range at high energy. Note that a break would
appear more prominent if one were to combine PAMELA and
CREAM data, which do seem to differ from AMS-02 data in the
10 to ∼ 200 GeV/n range beyond the reported errors. Definitely,
the forthcoming AMS-02 publication of nuclear fluxes should
help in clarifying the situation.

In Fig. 4 we show the calculated B/C ratio (solid black line)
as compared with data from CREAM (blue squares), PAMELA
(green squares), and the still preliminary ones from AMS-02
(black circles). Even if the injected Carbon flux is normalized
to the preliminary Carbon data reported by AMS-02, the B/C
ratio is still in satisfactory agreement with both PAMELA and
CREAM data, as for our previous result (Aloisio 2013). The
B/C ratio also fits the AMS data up to ∼ 100GeV/n. At higher
energy, the AMS-02 analysis seems to suggest a B/C ratio some-
what higher than our prediction. While its significance is uncer-
tain, given the preliminary nature of AMS data, if this “excess”
is interpreted as physical, it would suggest the presence of an
additional contribution to the grammage traversed by CRs. The
most straightforward possibility to account for such a grammage
is that it may be due to the matter traversed by CRs while es-
caping the source, for instance a SNR. The grammage due to
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Fig. 3. Spectrum of C nuclei as measured by CREAM (blue squares),
PAMELA (green empty squares), and according to preliminary mea-
surements of AMS-02 (black circles), compared with the prediction of
our calculations (lines). The solid line is the flux at the Earth after the
correction due to solar modulation, while the dashed line is the spectrum
in the ISM.
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Fig. 4. B/C ratio as measured by CREAM (blue squares), PAMELA
(green empty squares), and according to preliminary measurements of
AMS-02 (black circles). The black/bottom solid line is the prediction of
our model, while the red/top line has been obtained by adding a source
grammage of 0.15 g cm−2, close to that given by Eq. (10).

confinement inside a SNR can be easily estimated as

XSNR ≈ 1.4rsmpnISMcTSNR ≈ 0.17 g cm−2
nISM
cm−3

TSNR
2 × 104yr

, (10)

where nISM is the density of the interstellar gas upstream of a
SNR shock and rs = 4 is the compression factor at the shock
and TSNR is the duration of the SNR event (or better, the lifetime
“useful” to confine particles up to E ∼TeV/n), assumed here to
be of order twenty thousand years. The factor 1.4 in Eq. (10) has
been introduced to account for the presence of elements heavier
than hydrogen in the target. While Eq. (10) is only a rough es-
timate of the grammage at the source, in that several (in general
energy dependent) factors may affect such an estimate, at least
it provides us with a reasonable benchmark value. The solid red
curve in Fig. 4 shows the result of adding the grammage accu-
mulated by CRs inside the source to the one due to propagation
in the Galaxy. It is clear that by eye it fits better the AMS-02
data at high rigidity, while being also compatible with the older
CREAM data. The forthcoming publication by AMS-02 of the
fluxes of nuclei and secondary to primary ratios should hope-
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The CR Gradient 
See Talk by G. Morlino

The CR density as a function of  the Galactocentric distance R is flatter than expected based 
upon source density, for large R 

…But it has a peak in the central region of  the Galaxy… 

The spectrum is also harder in the central Galaxy than it is in the outskirt
Radial distribution of Galactic CR 5

cient is reduced and CRs are trapped more easily,
but where the density of sources is smaller the cor-
responding di↵usion coe�cient is larger and the CR
density drops. A similar situation can be seen in the
trend of the spectral slope as a function of R, plot-
ted in Figure (3). The dashed line reproduces well
the slope inferred from Fermi-LAT data out to a dis-
tance of ⇠ 10 kpc, but not in the outer regions where
the predicted spectrum is steeper than observed. It
is important to understand the physical motivation
for such a trend: at intermediate values of R, where
there is a peak in the source density, the di↵usion
coe�cient is smaller and the momenta for which ad-
vection dominates upon di↵usion is higher. This im-
plies that the equilibrium CR spectrum is closer to
the injection spectrum, Q(p) (harder spectrum). On
the other hand, for very small and for large values
of R, the smaller source density implies a larger dif-
fusion coe�cient and a correspondingly lower mo-
mentum where advection dominates upon di↵usion.
As a consequence the spectrum is steeper, namely
closer to Q(p)/D(p). In fact, at distances R & 15 kpc,
the spectrum reaches the full di↵usive regime, hence
f0 ⇠ p7�3� = p�5.6, meaning that the slope in Figure
(3) is 3.6. As pointed out in §2, the non-linear prop-
agation is quite sensitive to the dependence of the
magnetic field on R.

Both the distribution of sources and the mag-
netic field strength in the outer regions of the
Galaxy are poorly known. Hence, we decided to ex-
plore the possibility that the strength of the mag-
netic field may drop faster than 1/R at large galac-
tocentric distances. As a working hypothesis we as-
sumed the following form for the dependence of B0
on R, at R & 10 kpc:

B0(R > 10 kpc) =
B�R�

R
exp
"
� R � 10 kpc

d

#
(19)

where the scale length, d, is left as a free parameter.
We found that using d = 3.1 kpc, both the resulting
CR density and spectral slope describe very well the
Fermi-LAT data in the outer Galaxy. The results of
our calculations for this case are shown in Figs. 2
and 3 with solid lines.

The di↵usion coe�cient resulting from the non-
linear CR transport in the Galaxy, calculated as in
§2, is illustrated in Fig. 4, for di↵erent galactocen-
tric distances. It is interesting to notice that at all
values of R (and especially at the Sun’s position)
D(p) is almost momentum independent at p . 10
GeV/c. This reflects the fact that at those energies
the transport is advection dominated, as discussed
above. This trend, that comes out as a natural con-
sequence of the calculations, is remarkably similar to
the one that in numerical approaches to CR trans-
port is imposed by hand in order to fit observations.

Contrary to a naive expectation, in the case in which
B0(R) drops exponentially, the di↵usion coe�cient be-
comes smaller in the external Galaxy than in the inner part,
in spite of the smaller number of sources in the outer
Galaxy. This counterintuitive result is due to the fact that
DH(p) / B4

0/Q
2
0 (see equation 13) and that both B0 and
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Q0 are assumed to drop exponentially at large R. Clearly,
this result loses validity when �B/B0 approaches unity and
the amplification enters the non linear regime. Using equa-
tion (10), such condition in the disk can be written as
F (z = 0, k) ⇡ 1

3 rLv/(2vAH) & 1 which, for 1 GeV parti-
cles occurs for R & 28 kpc. In any case, the density of
CRs at large galactocentric distances drops down,
as visible in Figure (2).

4 CONCLUSIONS

The CR density recently inferred from Fermi-LAT
observations of the di↵use Galactic gamma ray emis-
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cient is reduced and CRs are trapped more easily,
but where the density of sources is smaller the cor-
responding di↵usion coe�cient is larger and the CR
density drops. A similar situation can be seen in the
trend of the spectral slope as a function of R, plot-
ted in Figure (3). The dashed line reproduces well
the slope inferred from Fermi-LAT data out to a dis-
tance of ⇠ 10 kpc, but not in the outer regions where
the predicted spectrum is steeper than observed. It
is important to understand the physical motivation
for such a trend: at intermediate values of R, where
there is a peak in the source density, the di↵usion
coe�cient is smaller and the momenta for which ad-
vection dominates upon di↵usion is higher. This im-
plies that the equilibrium CR spectrum is closer to
the injection spectrum, Q(p) (harder spectrum). On
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of R, the smaller source density implies a larger dif-
fusion coe�cient and a correspondingly lower mo-
mentum where advection dominates upon di↵usion.
As a consequence the spectrum is steeper, namely
closer to Q(p)/D(p). In fact, at distances R & 15 kpc,
the spectrum reaches the full di↵usive regime, hence
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this result loses validity when �B/B0 approaches unity and
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tion (10), such condition in the disk can be written as
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GALACTIC WINDS IN THE PRESENCE 

OF WAVE SELF-GENERATION

Recchia, PB & Morlino, 2016 MNRAS, 462, 4227

20



Cosmic Rays vs Gravity
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The force exerted by CR may wins 
over gravity and a wind may be 
launched
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fact, in the traditional ”leaky-box” model the CR spectrum
at the disk and spectrum spatial dependence are given by

f
0

(p) =
Q

0

(p)

2⇡Rd
2H

H2

D
(2)

and

f (z,p) = f
0

(p)

✓
1 � z

H

◆
, (3)

where Q
0

is the injection spectrum, D the di↵usion coe�-
cient (assumed to be spatially constant) and Rd the galactic
disk radius. H is the location of the free escape boundary,
an artificial boundary where the CR distribution function
is set to zero in order to guarantee the stationarity of the
propagation problem, and is usually taken to be of order ' 4

kpc. Instead in this approach H is replaced by s⇤(p), which
is momentum-dependent and does not need to be artificially
imposed but derives self-consistently from the solution of the
transport problem. The CR distribution function at the disk
thus becomes

f
0

(p) ' Q(p)

2⇡Rd
2s⇤(p)

s⇤2(p)

D
. (4)

3 A SEMI-ANALYTICAL APPROACH TO
CR-DRIVEN WINDS

In this paper we make use of the results mentioned in
Sec. 2, in particular of the hydrodynamic model developed
in Breitschwerdt (1991), however our approach is by no
mean similar. In fact here for the first time an attempt
is made to solving self consistently the coupled system of
the hydrodynamic equations for CR-driven winds and of
the CR transport equation. The solution of the coupled
problem is found by mean of a semi-analytical method
which, once the input parameters of the problem have been
assigned (gas density, gas pressure and magnetic field at the
wind base and the CR injection spectrum), computes the
CR spectrum, the CR di↵usion coe�cient and the profiles
of the hydrodynamic quantities, such as the wind velocity,
as functions of the distance from the galactic disk. Note
that the galactic gravitational potential, as well as the CR
source distribution, depend on the galactocentric distance
R

0

, so that the result of the computation, and even the
possibility itself to have a wind, depend on the position in
the Galaxy. In our approach both the di↵usion coe�cient
and the advection velocity appearing in the CR transport
equation are output of the calculation and are determined
by CRs themselves.

The three-dimensional dynamical equations involved in
the problem are the hydrodynamic equations for the thermal
gas and for the CRs (which describe the total mass, momen-
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the Alfvén velocity, while �(R
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, z,p) the CR
injection spectrum.
In our computation we assume the same one dimensional
model as in Breitschwerdt (1991) and use the same flow ge-
ometry (see Fig. 1). In addition, we assume that only Alfvén
waves generated by CR-streaming instability are present and
that their generation is locally balanced by nonlinear Lan-
dau damping. The coupling between CRs and ISM, guar-
anteed by Alfvén waves, is not assumed to be ideal so that
the CR di↵usion terms are kept in the hydrodynamic equa-
tions (in contrast to what has been done in Breitschwerdt
(1991), in which di↵usion is neglected). The assumption of
local damping of the Alfvén waves means, from the point
of view of the hydrodynamic equations, that the waves are
generated and damped immediately, so that any e↵ect of
wave dynamics can be neglected and the energy fed by CRs
to the waves simply results in gas heating. For that reason
the wave pressure is not taken into account in the hydro-
dynamic equations. On the other hand, it has been shown
in Everett (2008) that the assumption of immediate damp-
ing of waves in the hydrodynamic equations is well justified
when we compare the damping time-scale of waves in the
ISM due to non-linear Landau damping (order of years) to
the typical advection time-scale (order of 10

6yr for typical
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generated and damped immediately, so that any e↵ect of
wave dynamics can be neglected and the energy fed by CRs
to the waves simply results in gas heating. For that reason
the wave pressure is not taken into account in the hydro-
dynamic equations. On the other hand, it has been shown
in Everett (2008) that the assumption of immediate damp-
ing of waves in the hydrodynamic equations is well justified
when we compare the damping time-scale of waves in the
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Diffusion determined by self-generation at 
CR gradients balanced by local damping 
of  the same waves 

No pre-established diffusion coefficient and 
no pre-fixed halo size

Breitschwerdt et al. 1991
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PREVIOUS ATTEMPTS
Ipavich (1975): First treatment of CR induced winds (no dark matter, spherical symmetry, no 
diffusion, no kinetic CR, namely no spectra)

Breitschwerdt et al. (1991): First calculation of CR induced winds with dark matter and realistic 
geometry (diffusivity set to zero, no kinetic CR, namely no spectra; case of wave damping only treated 
for spherical symmetry)

Breitschwerdt et al. (1993): recognition of the importance of the launching region of the wind

Ptuskin et al. (1997): adoption of Breitschwerdt (1991) method and simplified approach to the 
spectrum of CRs; inclusion of Galaxy rotation.

Dorfi & Breitschwert (2012): numerical hydro calculation, but no kinetic treatment of CRs

Everett et al. (2008): adoption of Breitschwerdt (1991) method and application to X-ray emission 
of the Galactic halo

Recchia et al. (2016): Generalization of the Breitschwerdt (1991) method to the case of diffusion, 
with realistic dark matter profile, with wave damping and detailed kinetic description of the CR 
transport 22
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z2

D(p)
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u(z)
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D(p)
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STANDARD CASE                          CR-INDUCED WIND WITH SELF-GENERATION

No fixed halo size H

Aside from math, the Physics of  the problem can be 
understood easily: There is a critical distance above (and 
below) the disc (which depends on particle energy) where 
diffusion turns into advection:

Ptuskin et al. 1997

At high energy, the critical scale becomes larger than the size of  the region where the geometry 
of  the wind remains cylindrical, and a steepening of  the spectrum should be expected
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Figure 2. Gravitational acceleration as due to the three compo-
nents: the Bulge, the Disk and the Dark Matter Halo. All curves
are computed at the Sun’s position (R⊙ = 8.5 kpc).
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Figure 3. Topology of the solutions of the hydrodynamics equa-
tions: z0 indicates the base of the wind, while zc is the critical
point, where u(zc) = c∗(zc). The (red) solid line represents a wind
solution, that starts as subsonic and becomes supersonic at the
critical point. The branches of the solutions that are unphysical
are labelled as such.

3 IDENTIFICATION OF THE WIND

SOLUTION

Here we discuss the procedure adopted for the determination
of the wind solution for a given set of conditions at the
base of the wind. We recall that, as discussed above, this
calculation is embedded in an iterative computation that is
repeated until convergence of the overall structure of the
wind and of the CR spectrum is achieved.

We look for a wind solution of equations (10)-(16),
namely a solution for the flow velocity u(z) that shows a
transition from subsonic (u < c∗) to supersonic (u > c∗) mo-
tion, where c∗(z) is the compound sound speed as a function
of z.

The topology of the solutions (see also
Breitschwerdt et al. 1991)) of equation (10)-(16) depends
on the nature of the critical points of the wind equation
(12), namely the points in which the velocity derivative has
zero numerator (c2∗ = dΦ

dz /
1
A

dA
dz ) and/or zero denominator

(u2 = c2∗), and is schematically represented in Fig. 3. The

point for which both numerator and denominator are zero is
the critical (sonic) point and it corresponds to the location
where the flow velocity equals the compound sound speed,
u = c∗. As shown in Fig. 3, there are two curves passing
through the critical point. The one corresponding to a
subsonic flow at z0 is the one relevant for our problem.
The other one corresponds to an accretion (infall) solution.
The curves in the lower branch of solutions shown in Fig.
3 correspond to flows that remain subsonic, the so called
“breezes”. The upper branch corresponds to supersonic flow
and is physically irrelevant. For both families of curves,
there is a point where the numerator of equation (12)
vanishes. The other two branches are unphysical and for
both there is a point where the denominator of equation
(12) vanishes.

For given values of the magnetic field B0, gas density ρ0,
gas pressure Pg0 and CR pressure Pc0 at z = z0, we compute
the velocity at the base of the wind u0 that corresponds to
the wind solution, namely the value of u0 for which the flow
starts as subsonic and then smoothly becomes supersonic at
the critical point zc (see Fig. 3). Both the location of the
sonic point and the launching velocity u0 are outputs of the
calculation. For each iteration, Pc0 and D(z) in equation
(16) are computed based on the solution of the transport
equation in the previous iteration.

From the technical point of view, we start the search
for the wind solution by bracketing the range of values of
u0 that may potentially correspond to a wind solution. In
order to do so, we impose three conditions: 1) the flow starts
as subsonic (c∗0 > u0); 2) u(z) is a growing function of z at
z0, namely du

dz |z0 > 0; 3) the solution leads to a final wind
velocity at infinity that is physical, namely u2

f > 0.
This last point corresponds to imposing energy conser-

vation between z = z0 and infinity and requiring that at
z = ∞ all fluxes vanish with the exception of the kinetic
flux associated to the wind bulk motion. This condition se-
lects the solutions that correspond to u2

f > 0.
Once a closed interval for u0, say [u0,min, u0,max], has

been determined, we numerically integrate the hydrody-
namic equations starting at z0 and for values of u0 in this
range, stepped by ∆u0. In this way we sample the topology
of the solutions and we can identify the transition between
the last breeze and the first unphysical solution by gradually
increasing the value of u0. This procedure can be repeated
to narrow down the region where the actual wind solution
is located.

The procedure of identification of the wind solution also
returns the location of the critical point z = zc. We can then
compute both the flow speed and its derivative at the sonic
point:

u2
c = c2∗c =
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dz
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1
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dA
dz

, (25)
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The last expression has been obtained by Taylor expanding
equation (12) around the critical point. In addition, using
the conservation relations (10), equations (11) and (B12)
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SOLUTION

Here we discuss the procedure adopted for the determination
of the wind solution for a given set of conditions at the
base of the wind. We recall that, as discussed above, this
calculation is embedded in an iterative computation that is
repeated until convergence of the overall structure of the
wind and of the CR spectrum is achieved.

We look for a wind solution of equations (10)-(16),
namely a solution for the flow velocity u(z) that shows a
transition from subsonic (u < c∗) to supersonic (u > c∗) mo-
tion, where c∗(z) is the compound sound speed as a function
of z.

The topology of the solutions (see also
Breitschwerdt et al. 1991)) of equation (10)-(16) depends
on the nature of the critical points of the wind equation
(12), namely the points in which the velocity derivative has
zero numerator (c2∗ = dΦ
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point for which both numerator and denominator are zero is
the critical (sonic) point and it corresponds to the location
where the flow velocity equals the compound sound speed,
u = c∗. As shown in Fig. 3, there are two curves passing
through the critical point. The one corresponding to a
subsonic flow at z0 is the one relevant for our problem.
The other one corresponds to an accretion (infall) solution.
The curves in the lower branch of solutions shown in Fig.
3 correspond to flows that remain subsonic, the so called
“breezes”. The upper branch corresponds to supersonic flow
and is physically irrelevant. For both families of curves,
there is a point where the numerator of equation (12)
vanishes. The other two branches are unphysical and for
both there is a point where the denominator of equation
(12) vanishes.

For given values of the magnetic field B0, gas density ρ0,
gas pressure Pg0 and CR pressure Pc0 at z = z0, we compute
the velocity at the base of the wind u0 that corresponds to
the wind solution, namely the value of u0 for which the flow
starts as subsonic and then smoothly becomes supersonic at
the critical point zc (see Fig. 3). Both the location of the
sonic point and the launching velocity u0 are outputs of the
calculation. For each iteration, Pc0 and D(z) in equation
(16) are computed based on the solution of the transport
equation in the previous iteration.

From the technical point of view, we start the search
for the wind solution by bracketing the range of values of
u0 that may potentially correspond to a wind solution. In
order to do so, we impose three conditions: 1) the flow starts
as subsonic (c∗0 > u0); 2) u(z) is a growing function of z at
z0, namely du

dz |z0 > 0; 3) the solution leads to a final wind
velocity at infinity that is physical, namely u2

f > 0.
This last point corresponds to imposing energy conser-

vation between z = z0 and infinity and requiring that at
z = ∞ all fluxes vanish with the exception of the kinetic
flux associated to the wind bulk motion. This condition se-
lects the solutions that correspond to u2

f > 0.
Once a closed interval for u0, say [u0,min, u0,max], has

been determined, we numerically integrate the hydrody-
namic equations starting at z0 and for values of u0 in this
range, stepped by ∆u0. In this way we sample the topology
of the solutions and we can identify the transition between
the last breeze and the first unphysical solution by gradually
increasing the value of u0. This procedure can be repeated
to narrow down the region where the actual wind solution
is located.

The procedure of identification of the wind solution also
returns the location of the critical point z = zc. We can then
compute both the flow speed and its derivative at the sonic
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The last expression has been obtained by Taylor expanding
equation (12) around the critical point. In addition, using
the conservation relations (10), equations (11) and (B12)
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boundary condition f (H,p) = 0 leads to the following im-
plicit solution for f (z,p):

f (z,p) =

Z

z

H dz0

A(z0)D(z0,p)

G(z0,p) exp

�
R
z

z0
dz00 U (z00 )

D(z00,p) , (40)

where

G(z,p) =
A

0

Q
0

(p)

2

+ A
0

U
0

f
0

(p)q̄
0

� G(z,p). (41)

This rewriting of the transport equations hides the non-
linearity of the problem in the function G(z,p), which de-
pends on f (z,p) and on the CR di↵usion coe�cient D(z,p)

(see equation 18). The solution of equation (40) is computed
with an iterative procedure.

The procedure reaches convergence when, for a given
iteration j, f j (z,p) and f j�1

(z,p) are close to each other
within a desired precision. Note that the advection velocity
U (z) is computed from the hydrodynamic equations and is
fixed while iterating upon the distribution function f j .

5 RESULTS

In this section we illustrate some selected cases of CR in-
duced winds, aimed at addressing di↵erent issues that arise
in this type of problem. The first case is what we will re-
fer to as our reference case, namely a case that illustrates
the most basic characteristics of a CR induced wind, with
a minimal number of physical parameters introduced. The
wind is launched very close to the disc of the Galaxy, and
we consider the specific situation expected at the solar ra-
dius, namely at the Galactocentric distance R = R� = 8.5
kpc, where the Sun is located. This information is crucial in
that it determines the gravitational potential that the wind
has to fight against. The second model considered below is
that in which a wind is launched at some distance from the
Galactic disc, while particle transport in the near-disc region
is assigned. This latter situation is physically motivated by
the fact that ion-neutral damping is expected to damp any
type of self-generated turbulence within ⇠ 0.5 � 1 kpc from
the disc, because of the presence of a substantial amount
of neutral hydrogen. We will show that the consequences of
this setup for the spectrum of CRs observed at the Earth
are very prominent.

5.1 Reference case

Our reference case corresponds to launching a CR-induced
wind at a Galactocentric distance R = R� = 8.5 kpc. The
base of the wind is assumed to be at the edge of the Galac-
tic disc, z

0

= 100 pc, where we assumed that the ionized
gas has a density n

0

= 0.003 cm

�3 and the magnetic field is
B

0

= 1.5µG (to be interpreted as the component of the field
along the z direction). The CR pressure at z

0

is taken to
equal the observed CR pressure, Pc0

= 6 ⇥ 10

�13

erg/cm

3.
We solve simultaneously the hydrodynamical equations for
the wind and the transport equation for CRs, with self-
generated di↵usion and advection taken into account. In or-
der to get the desired CR pressure at the Sun’s location (see
above) we are bound to take
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Figure 5. Density (red solid line) in units of 10
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cm

�3 and
temperature (greed dashed line) in units of 10

6 K for the wind
solution in the reference case.
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Figure 6. Wind velocity (red solid line), Alfvén velocity (green
dashed line) and sound speed (blue dotted line) as a function of
the height z above the disc, for the reference case.

for an injection spectrum with slope � = 4.3. The density
of plasma in the wind and the temperature of the wind are
shown in Fig. 5. The temperature of the wind is maintained
by the continuous damping of wave energy into thermal en-
ergy of the gas. In Fig. 6 we show the wind velocity u(z)

(green dashed line), the Alfvén speed vA (z) (blue dotted
line) and the sound speed c⇤ (z) as functions of the distance
from the Galactic disc. The wind is launched with a speed
of 41 km/s and asymptotically reaches a speed of 353 km/s,
while it becomes supersonic at ⇠ 15 kpc.

For the sake of future discussion it is important to notice
here that the CR advection velocity at the base of the wind
is dominated by the Alfvén speed and that the latter is non
zero at the base of the wind (because of a finite density and
magnetic field).

The pressure of CRs as a function of the distance z from
the disc is shown in Fig. 7, together with the gas pressure
and the CR pressure as derived from the kinetic calculation:
the fact that the latter is basically overlapped to the Pc (z)
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(see equation 18). The solution of equation (40) is computed
with an iterative procedure.
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(z,p) are close to each other
within a desired precision. Note that the advection velocity
U (z) is computed from the hydrodynamic equations and is
fixed while iterating upon the distribution function f j .

5 RESULTS

In this section we illustrate some selected cases of CR in-
duced winds, aimed at addressing di↵erent issues that arise
in this type of problem. The first case is what we will re-
fer to as our reference case, namely a case that illustrates
the most basic characteristics of a CR induced wind, with
a minimal number of physical parameters introduced. The
wind is launched very close to the disc of the Galaxy, and
we consider the specific situation expected at the solar ra-
dius, namely at the Galactocentric distance R = R� = 8.5
kpc, where the Sun is located. This information is crucial in
that it determines the gravitational potential that the wind
has to fight against. The second model considered below is
that in which a wind is launched at some distance from the
Galactic disc, while particle transport in the near-disc region
is assigned. This latter situation is physically motivated by
the fact that ion-neutral damping is expected to damp any
type of self-generated turbulence within ⇠ 0.5 � 1 kpc from
the disc, because of the presence of a substantial amount
of neutral hydrogen. We will show that the consequences of
this setup for the spectrum of CRs observed at the Earth
are very prominent.

5.1 Reference case

Our reference case corresponds to launching a CR-induced
wind at a Galactocentric distance R = R� = 8.5 kpc. The
base of the wind is assumed to be at the edge of the Galac-
tic disc, z

0

= 100 pc, where we assumed that the ionized
gas has a density n

0

= 0.003 cm

�3 and the magnetic field is
B

0

= 1.5µG (to be interpreted as the component of the field
along the z direction). The CR pressure at z

0

is taken to
equal the observed CR pressure, Pc0

= 6 ⇥ 10

�13

erg/cm

3.
We solve simultaneously the hydrodynamical equations for
the wind and the transport equation for CRs, with self-
generated di↵usion and advection taken into account. In or-
der to get the desired CR pressure at the Sun’s location (see
above) we are bound to take
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Figure 5. Density (red solid line) in units of 10

�3

cm

�3 and
temperature (greed dashed line) in units of 10

6 K for the wind
solution in the reference case.
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Figure 6. Wind velocity (red solid line), Alfvén velocity (green
dashed line) and sound speed (blue dotted line) as a function of
the height z above the disc, for the reference case.

for an injection spectrum with slope � = 4.3. The density
of plasma in the wind and the temperature of the wind are
shown in Fig. 5. The temperature of the wind is maintained
by the continuous damping of wave energy into thermal en-
ergy of the gas. In Fig. 6 we show the wind velocity u(z)

(green dashed line), the Alfvén speed vA (z) (blue dotted
line) and the sound speed c⇤ (z) as functions of the distance
from the Galactic disc. The wind is launched with a speed
of 41 km/s and asymptotically reaches a speed of 353 km/s,
while it becomes supersonic at ⇠ 15 kpc.

For the sake of future discussion it is important to notice
here that the CR advection velocity at the base of the wind
is dominated by the Alfvén speed and that the latter is non
zero at the base of the wind (because of a finite density and
magnetic field).

The pressure of CRs as a function of the distance z from
the disc is shown in Fig. 7, together with the gas pressure
and the CR pressure as derived from the kinetic calculation:
the fact that the latter is basically overlapped to the Pc (z)
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Figure 7. CR pressure (red solid line) and gas pressure (blue
dotted line) in the reference case. The green dashed line shows
the CR pressure as obtained from the solution of the transport
equation. The same calculation also returns the wave pressure
Pw(z) (pink dotted line) that is assumed to vanish in the hydro-
dynamical equation.

the fact that the latter is basically overlapped to Pc(z)
as derived from hydrodynamics shows that the system of
equations (hydro plus kinetic) reached convergence (with
accuracy of ∼ 0.1% at heights z close to the base of the
wind and ∼ 10−20% at z close to the outer edge of the box
used for numerical computation; here all quantities, with
the exception of the wind velocity, are bound to vanish).

The gas temperature obtained for z ! 10 kpc (see
Fig. 5) suggests that cooling may be important. At such
temperature the gas is cooled by the emission of forbidden
lines and soft X-rays (Dalgarno & McCray 1972) but, on
the other hand, it is also heated by SN explosions through
the injection of hot gas and magnetic turbulence that will
eventually decay into thermal energy. Recently it was sug-
gested that also Coulomb losses of CRs themselves might be
a substantial source of heating (Walker 2016). The relevance
of cooling was already recognized by Breitschwerdt et al.
(1991) which, nevertheless, assumed that energy balance
exist between heating and cooling processes. Which process
dominates the heating is at the moment unclear but ob-
servations reveals that the temperature in the halo reaches
∼ 105 − 106 K (see, e.g., Miller & Bregman 2013), hence
supporting the idea that either the cooling is negligible or it
is balanced by heating processes. In this paper we decided
to neglect the role of cooling, deferring a more complete
study in a future work.

The spectrum of CRs as a function of particle momen-
tum is reported in Fig. 8 for several distances from the
Galactic plane. The most striking feature of the spectrum at
the disc is the pronounced spectral hardness: the spectrum
that should be measured at the Earth location at momenta
below ∼ 1 TeV/c is roughly ∝ p−4.4, only slightly steeper
than the injection spectrum (Q(p) ∝ p−4.3). This finding
reflects the fact that the Alfvén speed at the base of the
wind is very large and dominates CR advection up to high
energies. One could argue that a larger value of the den-
sity at the base of the wind would make the Alfvén speed
smaller, but in that case two problems appear: 1) it may
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Figure 8. CR spectrum, f(p) × p4.7, in the reference case, at
different locations in the wind: base of the wind (red solid line),
z = 10 kpc (green dashed line), z = 50 kpc (blue short-dashed
line) and z = 100 kpc (pink dotted line).

become harder if not impossible to launch the wind because
of excessive baryonic load. In other words, for a given CR
pressure at the base, there may be cases in which the wind
is not launched. 2) When the wind is in fact launched, its
initial velocity may easily be super-Alfvenic, so that again
advection dominates up to relatively high energies.

This result on the spectrum of Galactic CRs appears
to be at odds with previous results by Ptuskin et al. (1997),
where a toy model for the velocity scaling with z provided
different results, of apparently easy interpretation. Since the
argument of Ptuskin et al. (1997) is rather simple, we report
it here and we explain why this simple approach does not
apply to realistic cases of CR-driven winds. The basic as-
sumption of Ptuskin et al. (1997) is that the advection ve-
locity (dominated by the Alfvén speed) scales approximately
linear with z, vA ∼ ηz. Now, it is easy to imagine that while
the advection velocity increases with z, it reaches a critical
distance, s∗, for which advection dominates upon diffusion.
This happens when

s2∗
D(p)

≈
s∗

vA(s∗)
⇒ s∗(p) ∝ D(p)1/2, (42)

where we used the assumption of linear relation vA ∼ ηz.
Now, when diffusion dominates, namely when z ! s∗(p),
one can neglect the advection terms and make the approx-
imate statement (as in the standard diffusion model), that
D(p) ∂f∂z |z=0 ≈ −Q0(p)/2 ∝ p−γ . Now, using equations (21)
and (18) one can easily show that D(p) ∝ p2γ−7 (for a p−4

injection one gets a linear scaling of the diffusion coefficient
with momentum). The quantity s∗(p) plays the role of the
size of the diffusion volume and one can show that, similar
to a leaky box-like model, the equilibrium spectrum in the
disc is

f(p) ∼
Q0(p)
s∗(p)

s2∗
D(p)

∼ Q0(p)D(p)−1/2 ∼ p−2γ+7/2. (43)

For injection Q0(p) ∼ p−4.3 one infers an equilibrium spec-
trum f0(p) ∼ p−5.1 (notice the contrast with the standard
diffusion model within a given halo of size H , that predicts
f0(p) ∼ Q0(p)H/D(p)).

The problem with this argument, put forward by
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Figure 9. Effective boundary, s∗(p), between the diffusion dom-
inated and the advection dominated region of the wind in the
reference case.

Ptuskin et al. (1997), is that it is strictly valid only when
the advection velocity vanishes while approaching the base
of the wind. One can see from equation (35) that the as-
sumption that diffusion is the dominant process at z → 0
holds true only if U0 = 0. The solution of the combined hy-
drodynamical equations and transport equation of CRs as
presented above clearly shows that this is not the case. At
low energies the slope of the CR spectrum at the base of
the disc, as shown in Fig. 8, is ∼ 4.3 (see also Fig. 14, lower
panel), basically the same as the injection spectrum. The
same point can be also made by plotting s∗(p) (Fig. 9) and
the diffusion coefficient D(p) (Fig. 10): the simple scaling
s∗(p) ∝ D(p)1/2 can be easily seen to be not satisfied by the
actual solution of the problem. Notice that s∗(p) becomes
larger than Zs, the location where there is a transition to a
spherical-like flow, at p ∼ 1 TeV/c. At energies much larger
than this one can assume that the advection velocity tends
to a constant, uf . The equilibrium spectrum observed at
the Earth can then be written as f0(p) ∼ Q0(p)πR2

d/(uf s
2
∗),

while s∗ ∝ D(p), so that the equilibrium spectrum has a
slope −3γ + 7. This effect corresponds to a steepening of
the equilibrium spectrum at the transition energy, that for
the values of the parameters used in Fig. 8, corresponds to
about ∼ 1 TeV.

Even qualitatively one can see that the CR spectrum
in Fig. 8 is quite different from the one actually observed at
the Earth: it is harder than observed at low energies, and
it is softer than observed at high energies, even though the
pressure carried by these CRs is as observed.

This example clearly shows that it is possible to con-
struct solutions of the hydrodynamical equations that corre-
spond to CR driven winds, with pressures at the base of the
wind that are compatible with observations and yet leading
to CR spectra that are not compatible with the CR spectra
observed at the Earth. In particular, the basic wind model
discussed in this section does not lead to any hardening of
the spectrum at high energy, hence it is not possible to fit
spectral hardening such as the ones observed by PAMELA
(Adriani et al. 2011) and AMS-02 (Aguilar et al. 2015). In
§5.2 below we discuss a situation in which this conclusion
may not apply.
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Figure 10. Self-generated diffusion coefficient, D(p), in the ref-
erence case at different locations in the wind: base of the wind
(red solid line), z = 10 kpc (green dashed line), z = 50 kpc (blue
short-dashed line) and z = 100 kpc (pink dotted line). The tran-
sition from the cylindrical to the spherical geometry of the wind
flow is clearly visible in the momentum dependence of D(p).

5.2 The importance of the near-disc region

As already pointed out in the original work on CR driven
winds (Breitschwerdt et al. 1991) the region close to the disc
may be plagued by severe ion-neutral damping which sup-
presses the generation of Alfvén waves (Kulsrud & Cesarsky
1971). Since waves provide the coupling between CRs and
the ionized plasma, their severe damping leads to quenching
of the wind. In fact, ion-neutral damping was recognized as
a hindering factor for diffusion even in the absence of winds
(Skilling 1971; Holmes 1975): in these pioneering papers, the
near disc region was assumed to be wave-free and the prop-
agation of CRs in that region was taken to be ballistic. Dif-
fusion in the outer halo, where the density of neutral hydro-
gen is expected to drop and the role of ion-neutral damping
to become negligible, was considered as the actual diffusion
region. One could however speculate that some type of tur-
bulence may be maintained in the near-disc region, perhaps
due to SN explosions themselves, though the waves may be
considered to be isotropic, so that the effective Alfvén speed
vanishes.

In this section we discuss a scenario for the wind launch-
ing constructed in the following manner: the wind is assumed
to be launched at a distance z0 = 1 kpc from the disc and
the near-disc region (|z| < z0) is assumed to be characterised
by a given diffusion coefficient, in the following form:

D(p) = 3× 1028
(

p
3mpc

)1/3

cm2 s−1, (44)

and by an Alfvén velocity vA = 0. At z ≥ z0, namely in the
wind region, the diffusion coefficient is calculated as due to
self-generation through streaming instability, saturated by
NLLD, as in the reference case (§5.1).

It is important to emphasise that the near-disc region
is crucial to establish a connection between the sources and
the wind region. From the mathematical point of view this is
evident from equation (35), where the solution of the trans-
port equation in the disc, f0(p), is related to the injection
rate through the value of the advection velocity at z = 0.

MNRAS 000, 1–14 (2016)

PRESSURES

DIFFUSION  
COEFFICIENT

8

10-19

10-18

10-17

10-16

10-15

10-14

10-13

10-12

10-11

 0.1  1  10  100

P(
er

g/
cm

3 )

z (kpc)

Pc(z) Hydro.
Pc(z) Kin.

Pg(z)
Pw(z)

Figure 7. CR pressure (red solid line) and gas pressure (blue
dotted line) in the reference case. The green dashed line shows
the CR pressure as obtained from the solution of the transport
equation. The same calculation also returns the wave pressure
Pw(z) (pink dotted line) that is assumed to vanish in the hydro-
dynamical equation.

the fact that the latter is basically overlapped to Pc(z)
as derived from hydrodynamics shows that the system of
equations (hydro plus kinetic) reached convergence (with
accuracy of ∼ 0.1% at heights z close to the base of the
wind and ∼ 10−20% at z close to the outer edge of the box
used for numerical computation; here all quantities, with
the exception of the wind velocity, are bound to vanish).

The gas temperature obtained for z ! 10 kpc (see
Fig. 5) suggests that cooling may be important. At such
temperature the gas is cooled by the emission of forbidden
lines and soft X-rays (Dalgarno & McCray 1972) but, on
the other hand, it is also heated by SN explosions through
the injection of hot gas and magnetic turbulence that will
eventually decay into thermal energy. Recently it was sug-
gested that also Coulomb losses of CRs themselves might be
a substantial source of heating (Walker 2016). The relevance
of cooling was already recognized by Breitschwerdt et al.
(1991) which, nevertheless, assumed that energy balance
exist between heating and cooling processes. Which process
dominates the heating is at the moment unclear but ob-
servations reveals that the temperature in the halo reaches
∼ 105 − 106 K (see, e.g., Miller & Bregman 2013), hence
supporting the idea that either the cooling is negligible or it
is balanced by heating processes. In this paper we decided
to neglect the role of cooling, deferring a more complete
study in a future work.

The spectrum of CRs as a function of particle momen-
tum is reported in Fig. 8 for several distances from the
Galactic plane. The most striking feature of the spectrum at
the disc is the pronounced spectral hardness: the spectrum
that should be measured at the Earth location at momenta
below ∼ 1 TeV/c is roughly ∝ p−4.4, only slightly steeper
than the injection spectrum (Q(p) ∝ p−4.3). This finding
reflects the fact that the Alfvén speed at the base of the
wind is very large and dominates CR advection up to high
energies. One could argue that a larger value of the den-
sity at the base of the wind would make the Alfvén speed
smaller, but in that case two problems appear: 1) it may
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Figure 8. CR spectrum, f(p) × p4.7, in the reference case, at
different locations in the wind: base of the wind (red solid line),
z = 10 kpc (green dashed line), z = 50 kpc (blue short-dashed
line) and z = 100 kpc (pink dotted line).

become harder if not impossible to launch the wind because
of excessive baryonic load. In other words, for a given CR
pressure at the base, there may be cases in which the wind
is not launched. 2) When the wind is in fact launched, its
initial velocity may easily be super-Alfvenic, so that again
advection dominates up to relatively high energies.

This result on the spectrum of Galactic CRs appears
to be at odds with previous results by Ptuskin et al. (1997),
where a toy model for the velocity scaling with z provided
different results, of apparently easy interpretation. Since the
argument of Ptuskin et al. (1997) is rather simple, we report
it here and we explain why this simple approach does not
apply to realistic cases of CR-driven winds. The basic as-
sumption of Ptuskin et al. (1997) is that the advection ve-
locity (dominated by the Alfvén speed) scales approximately
linear with z, vA ∼ ηz. Now, it is easy to imagine that while
the advection velocity increases with z, it reaches a critical
distance, s∗, for which advection dominates upon diffusion.
This happens when

s2∗
D(p)

≈
s∗

vA(s∗)
⇒ s∗(p) ∝ D(p)1/2, (42)

where we used the assumption of linear relation vA ∼ ηz.
Now, when diffusion dominates, namely when z ! s∗(p),
one can neglect the advection terms and make the approx-
imate statement (as in the standard diffusion model), that
D(p) ∂f∂z |z=0 ≈ −Q0(p)/2 ∝ p−γ . Now, using equations (21)
and (18) one can easily show that D(p) ∝ p2γ−7 (for a p−4

injection one gets a linear scaling of the diffusion coefficient
with momentum). The quantity s∗(p) plays the role of the
size of the diffusion volume and one can show that, similar
to a leaky box-like model, the equilibrium spectrum in the
disc is

f(p) ∼
Q0(p)
s∗(p)

s2∗
D(p)

∼ Q0(p)D(p)−1/2 ∼ p−2γ+7/2. (43)

For injection Q0(p) ∼ p−4.3 one infers an equilibrium spec-
trum f0(p) ∼ p−5.1 (notice the contrast with the standard
diffusion model within a given halo of size H , that predicts
f0(p) ∼ Q0(p)H/D(p)).

The problem with this argument, put forward by
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Figure 12. Wind velocity (red solid line), Alfvén velocity (green
dashed line) and sound speed (blue dotted line) as a function of
the height z above the disc, limited to the region where the wind
is launched, z � z

0

= 1 kpc.

solution of the problem, provided that the velocity drops to
zero fast enough inside the near-disc region. It is also worth
stressing that, contrary to the reference case illustrated in
§5.1, the CR pressure at the base of the wind (z = z

0

) does
not correspond to the CR pressure measured at the Earth
(z = 0). The criterion for convergence is still that the pres-
sure at z = 0 equals the observed CR pressure at the Earth
location (clearly this would be di↵erent if we were interested
at a di↵erent Galactocentric distance).

In order to recover the observed CR pressure in the
Galactic disc at the Sun’s location, in the model discussed
here we need to require that:

⇠CR

0.1

RSN
1/30yr

�1

⇡ 0.8.

The density and temperature of the wind, limited to the
region z � z

0

= 1 kpc where the wind can be launched are
plotted in Fig. 11. The corresponding wind velocity, Alfvén
speed and sound speed in the wind region are plotted in Fig.
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Figure 13. CR Pressure and gas pressure in the case of Kol-
mogorov turbulence in the near-disc region. The green dashed
line shows the CR pressure as obtained from the solution of the
transport equation. The same calculation also returns the wave
pressure Pw (z) that is assumed to vanish in the hydrodynamical
equation.

12: the advection velocity is again dominated by the Alfvén
velocity at the base of the wind. The wind becomes super-
sonic at zc ⇠ 20 kpc, and eventually reaches u f ⇠ 400 km/s
at large distances from the disc. The pressures of the gas
and CRs are shown in Fig. 13, where the gas pressure is lim-
ited to the wind region while the CR pressure extends to the
whole di↵usion region. We also plotted there the CR pres-
sure that is returned by the kinetic calculation, to show that
with good accuracy it coincides with the one derived from
the hydrodynamical calculation. The wave pressure as de-
rived from the kinetic calculation is also shown: the plateau
at z < z

0

has been estimated from the assigned di↵usion co-
e�cient. The fact that Pw (z) is always much smaller than
all other terms, justifies the assumption of instantaneous
damping (Pw = 0) in the hydrodynamical computation.

Using the approach described in §2, §3 and §4, we also
calculated the spectrum of Galactic CRs: in the upper panel
of Fig. 14 we show the CR distribution in the Galactic disc
for the reference case compared to the case where the wind is
launched at a finite distance z

0

from the disc. One can imme-
diately see the dramatic di↵erence that the near-disc region
makes in terms of CR spectrum observed at the Earth (or,
for that matter, anywhere). In the second case there are at
least two spectral breaks that can be identified and explained
in a reasonably easy way: the low energy part of the spec-
trum is a↵ected by advection (below ⇠ 10 GeV) as well as
from self-generation of waves at z � z

0

(at 10GeV . E . 1000

GeV). At energies higher than ⇠ 1 TeV the spectrum hard-
ens. All these changes of slope are illustrated more clearly
in the lower panel of Fig. 14, where we show the slope of
the CR distribution in the disc for the reference case (red
solid line) and for the case with a wind launched at a finite
distance z

0

from the disc (green dashed line).
The hard spectrum (slope ⇠ 4.5 below ⇠ 10 GeV reflects

advection and is similar to the e↵ect already seen in non-
linear models of galactic CR propagation (Aloisio et al. 2015,
see for instance). On the other hand, the spectrum has a
continuous steepening at higher energies up to . 1 TeV:
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line) and for the case in which the wind is launched at z
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= 1 kpc
from the disc and there is a near-disc region where the di↵usion
coe�cient is assigned and advection is absent (green dashed line).
The lower panel shows the corresponding slopes.

this e↵ects is also similar to the one claimed by Aloisio et al.
(2015) and reflects the very rapid energy dependence of the
self-generated di↵usion coe�cient. Finally the slope of the
spectrum becomes ⇠ 4.63 at E & 1 TeV, because of the
assumption of Kolmogorov turbulence in the near disc region
(z  z

0

). This hardening is qualitatively similar to the one
found by Tomassetti (2012) in a simple two zone model of
the Galactic halo: the low energy part is sensitive to the far
zone, while the high energy part is sensitive to the near zone,
where the assumption of Kolmogorov turbulence leads to an
expected slope 4.3(injection) + 1/3(Kolmogorov) ' 4.63. The
important point we wish to make here is that the di↵usion
coe�cient that determines the low energy behaviour of the
bulk of CRs is not assumed here, but rather derived from
the condition of self-generation of waves and advection with
the CR induced Galactic wind, as calculated above.

Although here we did not make any attempt to fit our
curves to real data, it is interesting to notice that quali-
tatively the scenario presented in this section (contrary to
the reference model in §5.1) has the same feature as the
spectrum of CR protons as recently measured by PAMELA
(Adriani et al. 2011) and AMS-02 (Aguilar et al. 2015).

6 CONCLUSIONS

We presented a semi-analytical calculation of the structure
of a CR driven Galactic wind that returns the hydrody-
namical structure of the wind (velocity and pressure of the
plasma), and at the same time the spectrum of CRs at any
location in the disc or in the wind region. The transport
of CRs is described as advective and di↵usive: advection oc-
curs at a local speed that is the sum of the Alfvén speed and
the wind speed at that point. Di↵usion is due to scattering
o↵ self-generated turbulence, as generated by the same CRs
due to streaming instability. The non-linear nature of the
problem is manyfold: the wind is driven by the CR gradient
in the z direction, perpendicular to the Galactic disc, that
results from the gradual escape of CRs from the Galaxy.
The force �rPCR acts in the direction opposite to gravity,
so that, under certain conditions, it can lift ionized gas and
launch a wind. On the other hand the amount of waves gen-
erated by CRs depends on their transport, which in turn
depend on the wind speed. The di↵usion coe�cient is calcu-
lated in a self-consistent manner from the local spectrum of
waves excited by streaming instability and damped through
NLLD.

Qualitatively, we confirm earlier findings that CRs can
drive winds with asymptotic velocities of order several hun-
dred km/s. Contrary to previous calculations, we also de-
rived the spectrum of CRs as observed at the Earth (or any
other location): for most of the parameter space for which
a CR driven wind is launched, the spectrum is in disagree-
ment with observations: the main reason for such a finding
is that the CR advection with the wind is very strong and
leads to hard spectra that are unlike the one observed at
the Earth. However, this conclusion is found to depend in a
critical way on the conditions in the near-disc region (z . 1

kpc). The conditions in such region a↵ect the high energy
behaviour of the spectrum, and change the launching speed
of the wind at z ⇠ z

0

⇠ 1 kpc, so that the low energy region
of the spectrum is also changed. For certain assumptions on
the di↵usion coe�cient in the near-disc region, the predicted
CR spectrum may resemble the observed one: as an instance
we shoed one case in which the spectrum is relatively hard
at E . 10 GeV (as previously found by Aloisio et al. (2015)),
steeper for 10 . E . 1000 GeV, and show a hardening at
higher energies as recently claimed by Adriani et al. (2011);
Aguilar et al. (2015). From the physical point of view, we
expect that the region at z . 1 kpc is reach in neutral gas,
which may damp Alfvén waves through ambipolar di↵usion.
This implies that the coupling between CRs and gas may be
exceedingly weak in this region so as to inhibit the launch of
the wind. In the near-disc region, di↵usion, if any is present,
should be guaranteed by some source other than CR self-
generation.

The calculation presented here is very general and can
be applied to a variety of conditions. This will allow us to
explore the conditions in which a CR driven wind could de-
velop with a CR spectrum at the Earth resembling the ob-
served one. This type of calculations is also useful to develop
possible diagnostics of the existence of CR-driven winds in
our own Galaxy as well as in others.

MNRAS 000, 1–14 (2016)

Velocities CR Spectrum

Near disc (kolmogorov) ~ 1 kpc

Wind region

Wind region

AS REALIZED BY Breitschwerdt et al. (1993) THE NEAR DISC REGION IS VERY 
CRITICAL TO FIND THE WIND SOLUTION

IT IS EVEN MORE CRITICAL TO DETERMINE THE SPECTRUM OF GALACTIC CR 
THAT CORRESPONDS TO A WIND SOLUTION, IN THAT THE NEAR DISC REGION 
CONNECTS HALO AND SOURCES (CRUCIAL IN A NON LINEAR PROBLEM)

IF ONE ASSUMES A NEAR DISC REGION WITH PRE-ASSIGNED D(E), FOR 
INSTANCE A LA KOLMOGOROV:
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NON LINEAR COSMIC RAY TRANSPORT:

4) CR INDUCED INSTABILITIES 
AROUND SOURCES OF UHECR IN 
THE INTERGALACTIC MEDIUM

PB, D’Angelo & Amato, 2015 PhRvL, 115, l1101
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Limits on Accelerators of  UHECRs 
in the original form by Waxman (2005)

IN THE NON RELATIVISTIC CASE ONE CAN WRITE A GENERIC EXPRESSION:

THIS IMPLIES THAT:

THE SOURCE ENERGETIC MUST BE AT LEAST AS LARGE AS THE 
MAGNETIC ONE:
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HOW DO CR ESCAPE THEIR SOURCE?

Large scale
Magnetic field

LARMOR RADIUS
>> COHERENCE LENGTH

Large scale
Magnetic field

LARMOR RADIUS
<< COHERENCE LENGTH

Source

CRs

E & 106GeV B�13�10 E . 106GeV B�13�10
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CASE A: BALLISTIC ESCAPE

Large scale
Magnetic field

CRs

ni = ⌦b⇢cr/mp ' 10�7cm�3
Density of 

cosmological
baryons

THE ESCAPING CR REPRESENT AN ELECTRIC 
CURRENT MADE OF POSITIVELY CHARGED PARTICLES

A RETURN CURRENT IS DRIVEN TO CONSERVE 
CHARGE AND MAKE THE CURRENT VANISH
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CURRENT DRIVEN INSTABILITY
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For the simple case of an E-2 spectrum of CR the current in a 
given place can be simply written as

Non resonant modes (Bell 2004) excited if:

This is equivalent to: 
Energy density in CR > magnetic energy density

Cosmic ray self-confinement Pasquale Blasi

is easily written as a function of the minimum energy E of particles in the current as

JCR = enCR(> E)c =
eLCRE−1

4πΛr2
. (2.1)

This expression is strictly valid only if the background field is zero, or if the Larmor radius of the

particles is rL ≫ λB, but we shall see that the above estimate for the current density turns out to

hold also in the diffusive regime.

A current propagating in a plasma can give rise to instabilities of different types. Granted that

the current carrying particles are well magnetised (vA > JCR/(enb), which from Eq. 2.1 is seen to

imply B0 > 2×10−13 L44E−1
GeVr−2

Mpc) G, the fastest growing instability arises when the condition

JCRE >
ceB2

0

4π
(2.2)

is satisfied. This condition, which is the standard one for the development of non-resonant modes

of the streaming instability [3], is equivalent to the requirement that the energy density of CRs be

locally larger than the energy density in the form of pre-existing magnetic field, B2
0/4π . For q(E)∝

E−2, this requirement becomes independent of E and, using Eq. 2.1, can be simply formulated as:

r < rinst = 3.7×104 L
1/2
44

B−13
Mpc. (2.3)

When Eq. 2.3 is satisfied the fastest growing modes in the amplified field δB have a wavenumber

kmax that reflects the equilibrium between magnetic tension and JCR × δB force on the plasma,

namely kmaxB0 =
4π
c

JCR, and their growth rate is:

γmax = kmaxvA =

√

4π

nbmp

JCR

c
, (2.4)

independent of the initial value of the local magnetic field B0. The scale of the fastest growing

modes k−1
max is much smaller than the Larmor radius of the particles dominating the current (this is

entailed in the condition for growth, Eq. 2.2), therefore they have no direct influence on particle

scattering. This conclusion is however changed by the non-linear evolution of the modes. As long

as the instability develops on small scales, it cannot affect the current, hence one could treat the two

as evolving separately. A fluid element will be subject to a force that is basically ∼ JCRδB/c: its

equation of motion is ρ(dv/dt)≃ 1
c JCRδB, with δB(t) = δB0 exp(γmaxt). As an estimate, one can

write the velocity of the fluid element as v ∼ (δB(t)JCR)/(cργmax), which upon integration leads

to an estimate of the mean fluid displacement as ∆x ∼ (δB(t)JCR)(cργ2
max). We can then estimate

the saturation of the instability by requiring that the displacement equals the Larmor radius of

particles in the current as calculated in the amplified magnetic field, E/eδB: when this condition

is fulfilled, scattering becomes efficient and the current is destroyed. This simple criterion returns

the condition:
δB2

4π
≈

JCRE

ce
= nCR(> E)E. (2.5)

Since nCR(> E) ∝ E−1 in the case considered here, the saturation values of the magnetic field is

independent of the energy of particles in the current driving the instability. A somewhat lower
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scattering. This conclusion is however changed by the non-linear evolution of the modes. As long
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as evolving separately. A fluid element will be subject to a force that is basically ∼ JCRδB/c: its

equation of motion is ρ(dv/dt)≃ 1
c JCRδB, with δB(t) = δB0 exp(γmaxt). As an estimate, one can

write the velocity of the fluid element as v ∼ (δB(t)JCR)/(cργmax), which upon integration leads
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44
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kmax that reflects the equilibrium between magnetic tension and JCR × δB force on the plasma,

namely kmaxB0 =
4π
c

JCR, and their growth rate is:

γmax = kmaxvA =

√

4π

nbmp

JCR

c
, (2.4)

independent of the initial value of the local magnetic field B0. The scale of the fastest growing

modes k−1
max is much smaller than the Larmor radius of the particles dominating the current (this is

entailed in the condition for growth, Eq. 2.2), therefore they have no direct influence on particle

scattering. This conclusion is however changed by the non-linear evolution of the modes. As long

as the instability develops on small scales, it cannot affect the current, hence one could treat the two

as evolving separately. A fluid element will be subject to a force that is basically ∼ JCRδB/c: its

equation of motion is ρ(dv/dt)≃ 1
c JCRδB, with δB(t) = δB0 exp(γmaxt). As an estimate, one can

write the velocity of the fluid element as v ∼ (δB(t)JCR)/(cργmax), which upon integration leads

to an estimate of the mean fluid displacement as ∆x ∼ (δB(t)JCR)(cργ2
max). We can then estimate

the saturation of the instability by requiring that the displacement equals the Larmor radius of

particles in the current as calculated in the amplified magnetic field, E/eδB: when this condition

is fulfilled, scattering becomes efficient and the current is destroyed. This simple criterion returns

the condition:
δB2

4π
≈

JCRE

ce
= nCR(> E)E. (2.5)

Since nCR(> E) ∝ E−1 in the case considered here, the saturation values of the magnetic field is

independent of the energy of particles in the current driving the instability. A somewhat lower
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write the velocity of the fluid element as v ∼ (δB(t)JCR)/(cργmax), which upon integration leads

to an estimate of the mean fluid displacement as ∆x ∼ (δB(t)JCR)(cργ2
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entailed in the condition for growth, Eq. 2.2), therefore they have no direct influence on particle
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as evolving separately. A fluid element will be subject to a force that is basically ∼ JCRδB/c: its
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max is much smaller than the Larmor radius of the particles dominating the current (this is

entailed in the condition for growth, Eq. 2.2), therefore they have no direct influence on particle

scattering. This conclusion is however changed by the non-linear evolution of the modes. As long

as the instability develops on small scales, it cannot affect the current, hence one could treat the two

as evolving separately. A fluid element will be subject to a force that is basically ∼ JCRδB/c: its

equation of motion is ρ(dv/dt)≃ 1
c JCRδB, with δB(t) = δB0 exp(γmaxt). As an estimate, one can

write the velocity of the fluid element as v ∼ (δB(t)JCR)/(cργmax), which upon integration leads

to an estimate of the mean fluid displacement as ∆x ∼ (δB(t)JCR)(cργ2
max). We can then estimate

the saturation of the instability by requiring that the displacement equals the Larmor radius of

particles in the current as calculated in the amplified magnetic field, E/eδB: when this condition

is fulfilled, scattering becomes efficient and the current is destroyed. This simple criterion returns

the condition:
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Since nCR(> E) ∝ E−1 in the case considered here, the saturation values of the magnetic field is
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is easily written as a function of the minimum energy E of particles in the current as
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eLCRE−1

4πΛr2
. (2.1)

This expression is strictly valid only if the background field is zero, or if the Larmor radius of the

particles is rL ≫ λB, but we shall see that the above estimate for the current density turns out to

hold also in the diffusive regime.
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imply B0 > 2×10−13 L44E−1
GeVr−2
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r < rinst = 3.7×104 L
1/2
44

B−13
Mpc. (2.3)

When Eq. 2.3 is satisfied the fastest growing modes in the amplified field δB have a wavenumber
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value of the saturation was inferred in [4], as due to the non-linear increase of the wavelength of

the fastest growing modes. Following such a prescription our saturation magnetic field would be

∼ 10 times smaller. Eq. 2.5 expresses the condition of equipartition between the CR energy density

and the amplified magnetic pressure, a condition that is often assumed in the literature without

justification, and that here arises as a result of the physics of magnetic amplification itself.

The field strength, as a function of the distance r will read

δB(r) = 3.7×10−9L
1/2
44 r−1

Mpc Gauss . (2.6)

This rather strong magnetic field will develop over distances r from the source that satisfy Eq. 2.3

and under the additional condition that the growth is fast enough so as to reach saturation in a frac-

tion of the age of the universe, t0 (numerical simulations of the instability [3] show that saturation

occurs when γmaxτ ∼ 5−10). This latter condition reads γmaxt0 ! 5 and translates into:

r < rgrowth = 1.2×104L
1/2
44 E

−1/2
GeV Mpc . (2.7)

If the conditions expressed by Eqs. 2.3 and 2.7 are fulfilled, then the magnetic field can be estimated

as in Eq. 2.6 and since δB ≫ B0 and there is roughly equal power at all scales, it is reasonable to

assume that particle propagation can be described as diffusive, with a diffusion coefficient corre-

sponding to Bohm diffusion in the magnetic field δB, so that

D(E,r) = 9×1024EGeV rMpc L
−1/2
44 cm2 s−1. (2.8)

The initial assumption of ballistic propagation of CRs escaping a source leads to conclude that

particles would produce enough turbulence to make their motion diffusive. The diffusion time over

a distance r from the source can be estimated as τd(E,r)= r2/D(E,r)≈ 3.3×1016rMpc E−1
GeV L

1/2
44 yr

from which follows that particles can be confined within a distance r from the source for a time

exceeding the age of the Universe, if their energy satisfies the condition:

E " Econf = 2.6×106 rMpc L
1/2
44 GeV . (2.9)

One might argue that this conclusion contradicts the assumptions of our problem: for instance

the density of particles in the diffusive regime is no longer as given in Eq. 1.1. This is certainly

true, but the current that is responsible for the excitation of the magnetic fluctuations remains the

same, as can easily be demonstrated: for particles with energy E > Econf in Eq. 2.9, and assuming

that energy losses are negligible, quasi-stationary diffusion can be described by the equation

1

r2

∂

∂ r

[

r2D(E,r)
∂n

∂ r

]

=
q(E)

4πr2
δ (r), (2.10)

where q(E) is the injection rate of particles with energy E at r = 0. This equation is easily solved

to provide the density of CRs at distance r from the source:

n(E,r)≈
q

8πrD(E,r)
. (2.11)

Clearly, by definition of diffusive regime, the density of particles returned by Eq. 2.11 is larger than

the density in the ballistic regime, Eq. 1.1. However, the current in the diffusive regime is

Jdiff
CR = eED(E,r)

∂n

∂ r
= e

q(> E)

4πr2
, (2.12)
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ONE NEEDS TO IMPOSE THAT ALL CONDITIONS ARE VERIFIED AT 
THE SAME TIME:


1. Non resonant instability is excited 
2. It grows faster than the universe expands 
3. Particles are diffusively confined 

THIS LEADS TO THE CONCLUSION THAT CONFINEMENT OCCURS 
FOR ENERGIES BELOW:


WITHIN A DISTANCE FROM THE SOURCE:
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which is exactly the same current that we used in the case of ballistic CR propagation (see Eq. 2.1).

This is a very important and general result: the magnetic field in Eq. 2.6 is reached outside a CR

source independent of the mode of propagation of CRs, since it is only determined by the current

and not by the absolute value of the CR density. Clearly the particles that are confined within a

distance r around the source do not contribute to the CR current at larger distances.

3. Results and implications

The confinement energy in Eq. 2.9 is somewhat ambiguous since it depends on the distance

r. What is the highest energy at which CRs escaping a source of given luminosity are confined

to the source vicinity? In order to answer this question we need to take into account all the three

conditions that need to be imposed to guarantee confinement, namely Eq. 2.3 (existence of fastly

growing modes), Eq. 2.7 (growth rate faster than the expansion of the universe) and Eq. 2.9 (con-

finement). The first condition yields a limit on the distance from the source that is easy to satisfy,

unless the strength of the background magnetic field is increased by several orders of magnitude,

in which case however other complications arise (see discussion below).

The other two conditions lead to the constrain

Ecut ≈ 107 GeV L
2/3
44 . (3.1)

These particles are confined within a distance from the source:

rconf ≈ 3.8 Mpc L
1/6
44 . (3.2)

Within such a distance the magnetic field is as given by Eq. 2.6 and larger than δB(rconf) ≈ 9.6×

10−10L
1/3
44 G. It is noteworthy that both the size of the confinement region and the magnetic field

depend weakly upon the CR luminosity of the source, respectively as L
1/6
44 and L

1/3
44 . Hence we can

conclude that magnetic fields at the level of 0.1− 1nG must be present in regions of a few Mpc

around the sources of UHECRs. As a consequence, the spectrum of CRs leaving these sources and

eventually reaching the Earth must have a low energy cutoff at an energy Ecut . This kind of cutoff

has been often postulated in the literature in order to avoid some phenomenological complications

that affect models for the origin of UHECRs. For instance, a low energy cutoff is required in the

dip model [5, 6] to describe appropriately the transition from Galactic to extragalactic CRs. This

feature is usually justified by invoking some sort of magnetic horizon in the case that propagation of

UHECRs is diffusive in the lower energy part of the spectrum [7]. A similar low energy suppression

of the CR flux is required by models with a mixed composition [8]. In the calculations illustrated

above, the presence of nuclei is readily accounted for, provided the current is still produced by

protons (assumed to be the most abundant specie). In this case, the value of Ecut is simply shifted

to Z times higher energy for a nucleus of charge Z.

As discussed above, the condition that guarantees the existence of non-resonant modes (Eq. 2.3)

is easily satisfied, unless the background magnetic field reaches B0 ≈ 9.6×10−10 L
1/3
44 . However,

when this happens the calculations above break down for another reason: CRs can freely stream

from the source only if their Larmor radius in the pre-existing magnetic field is much larger than

the assumed coherence scale of the field, namely

E ≫ 106GeV B−13λ10. (3.3)
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One could argue that the conclusion (diffusion) 
contradicts the initial assumption (ballistic motion), but it 
is not so.


For CR that are not confined within a distance r from 
the source:
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value of the saturation was inferred in [4], as due to the non-linear increase of the wavelength of

the fastest growing modes. Following such a prescription our saturation magnetic field would be

∼ 10 times smaller. Eq. 2.5 expresses the condition of equipartition between the CR energy density

and the amplified magnetic pressure, a condition that is often assumed in the literature without

justification, and that here arises as a result of the physics of magnetic amplification itself.

The field strength, as a function of the distance r will read

δB(r) = 3.7×10−9L
1/2
44 r−1

Mpc Gauss . (2.6)

This rather strong magnetic field will develop over distances r from the source that satisfy Eq. 2.3

and under the additional condition that the growth is fast enough so as to reach saturation in a frac-

tion of the age of the universe, t0 (numerical simulations of the instability [3] show that saturation

occurs when γmaxτ ∼ 5−10). This latter condition reads γmaxt0 ! 5 and translates into:

r < rgrowth = 1.2×104L
1/2
44 E

−1/2
GeV Mpc . (2.7)

If the conditions expressed by Eqs. 2.3 and 2.7 are fulfilled, then the magnetic field can be estimated

as in Eq. 2.6 and since δB ≫ B0 and there is roughly equal power at all scales, it is reasonable to

assume that particle propagation can be described as diffusive, with a diffusion coefficient corre-

sponding to Bohm diffusion in the magnetic field δB, so that

D(E,r) = 9×1024EGeV rMpc L
−1/2
44 cm2 s−1. (2.8)

The initial assumption of ballistic propagation of CRs escaping a source leads to conclude that

particles would produce enough turbulence to make their motion diffusive. The diffusion time over

a distance r from the source can be estimated as τd(E,r)= r2/D(E,r)≈ 3.3×1016rMpc E−1
GeV L

1/2
44 yr

from which follows that particles can be confined within a distance r from the source for a time

exceeding the age of the Universe, if their energy satisfies the condition:

E " Econf = 2.6×106 rMpc L
1/2
44 GeV . (2.9)

One might argue that this conclusion contradicts the assumptions of our problem: for instance

the density of particles in the diffusive regime is no longer as given in Eq. 1.1. This is certainly

true, but the current that is responsible for the excitation of the magnetic fluctuations remains the

same, as can easily be demonstrated: for particles with energy E > Econf in Eq. 2.9, and assuming

that energy losses are negligible, quasi-stationary diffusion can be described by the equation

1
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∂ r

[
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∂ r

]

=
q(E)

4πr2
δ (r), (2.10)

where q(E) is the injection rate of particles with energy E at r = 0. This equation is easily solved

to provide the density of CRs at distance r from the source:

n(E,r)≈
q

8πrD(E,r)
. (2.11)

Clearly, by definition of diffusive regime, the density of particles returned by Eq. 2.11 is larger than

the density in the ballistic regime, Eq. 1.1. However, the current in the diffusive regime is

Jdiff
CR = eED(E,r)

∂n

∂ r
= e

q(> E)

4πr2
, (2.12)
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Hence the current is:


exactly the same current existing in the ballistic case!!!

CURRENT OF ESCAPING PARTICLES DETERMINES THE FIELD
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Large scale
Magnetic field

Source

E . 106GeV B�13�10

CALCULATIONS ARE A BIT 
DIFFERENT BUT QUALITATIVELY 
SIMILAR
1. Non resonant instability is excited 
2. It grows faster than the universe 

expands 
3. Particles are diffusively confined 
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and impose the condition that γmaxt0 > 5, which reads:

E ! Egrowth ≈ 5.3×1011 GeVL
1/3
44 B

2/3
−10. (3.12)

The intersection of all the conditions listed above leads to conclude that particles with energies

E < Ecut = 2.2×108GeV L
1/4
44 B

1/2
−10 λ10 (3.13)

will be confined within a radius

rconf ≈ 10 Mpc λ10 . (3.14)

The amplified magnetic field at such distance is

δB ≈ 3×10−9G L
1/4
44 B

1/2
−10 λ−1

10 . (3.15)

We emphasise again that the results illustrated both in the case of 3-d (lower B0) or 1-d propa-

gation (higher B0) are only sensitive to the CR current, and hence insensitive to whether particle

propagation is ballistic or diffusive.

4. Summary

The strong effect that CRs have on the environment in which they propagate has long been

investigated in the context of particle acceleration at shock waves [9, 3] and is accompanied by

observational consequences [10, 11], such as spatially thin rims of enhanced X-ray synchrotron

emission (see [12] for a review). Here we investigated these processes in the immediate proxim-

ity of the sources (or host galaxies of the sources) of UHECRs, where the CR current generates

instabilities that can change of way CRs propagate.

For weak values of the strength of the pre-existing magnetic field B0 (say ! 10−10 G), in the

absence of non-linear phenomena, CRs propagate in approximately straight lines. The resulting

electric current leads to the development of a Bell-like instability, that modifies the propagation of

particles to be diffusive: we find that particles with energy ! 107L
2/3
44 GeV are confined inside a

distance of ≈ 3.8L
1/6
44 Mpc from the source for times exceeding the age of the Universe, thereby

introducing a low-energy cutoff at such energy in the spectrum of CRs reaching the Earth. Since the

confinement distance is weakly dependent on the source luminosity, we conclude that a region with

∼ nG fields should be present around any sufficiently powerful CR source. If larger background

magnetic fields are present around the source, the gyration radius of the particles can be smaller

than the coherence scale of the field, and in this case CR propagation develops in basically one

spatial dimension. For a coherence scale of 10 Mpc, CRs are confined in the source proximity for

energies E ! 2×108L
1/4
44 B

1/2
−10 λ10 GeV.

Whether nature behaves in one or the other way depends on the poorly known value of B0.

Faraday rotation measures [13] provide weak, model dependent upper limits to B0 in the nG range,

while lower limits can imposed based on gamma ray observations of distant TeV sources [14, 15]

(B0 " 10−17 G).

The physical prescription adopted here leads to estimating the strength of the self-generated

magnetic field δB in the source proximity at the level of equipartition with the energy in the form

7
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CONCLUSIONS
1. THE STANDARD THEORY OF CR SCATTERING SPRINGS OUT OF THE SAME THEORETICAL 

CONSIDERATIONS THAT LEAD TO PREDICT WAVE GENERATION — CR TRANSPORT IS 
INTRINSICALLY NON LINEAR

2. THESE EFFECTS ARE HOWEVER IGNORED IN THE ‘STANDARD MODELS’

3. OBSERVATIONALLY, SOME ANOMALIES FORCE US TO RECONSIDER THE STANDARD MODELS, 
LOOKING FOR SUBTLE PHYSICAL EFFECTS

4. NL EFFECTS NEAR SNR CAN CHANGE THE GRAMMAGE, TO AN EXTENT THAT DEPENDS ON THE 
FRACTION ON NEUTRAL H

5. NL GALACTIC CR TRANSPORT LEADS TO SEVERAL IMPLICATIONS (ADVECTION AT LOW E 
FITS VOYAGER, CHANGE OF SLOPE AT FEW HUNDRED GV)

6. CR CAN LAUNCH GALACTIC WINDS — IMPLICATIONS FOR SPECTRUM AND GALACTIC 
DYNAMICS

7. NL EFFECTS AROUND EXTRAGALACTIC SOURCES MAY LEAD TO LOW ENERGY FLUX 
SUPPRESSION
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